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Abstract

Searching for an effective dimension reduction space is an important problem in
regression, especially for high dimensional data such as microarray data. A major
characteristic of microarray data consists in the small number of observations n
and a very large number of genes p. This “large p, small n” paradigm makes the
discriminant analysis for classification difficult. In order to offset this dimensionality
problem a solution consists in reducing the dimension. Supervised classification is
understood as a regression problem with a small number of observations and a large
number of covariates. A new approach for dimension reduction is proposed. This is
based on a semiparametric approach which uses local likelihood estimates for single
index generalized linear models. The asymptotic properties of this procedure are
considered and its asymptotic performances are illustrated by simulations. Appli-
cations of this method when applied to binary and multi-class classification of the
three real data sets Colon, Leukemia and SRBCT are presented.

Key words: Dimension reduction, Generalized linear models, Generalized linear
single-index models, Local likelihood estimates, Nonparametric regression,
Microarray data.

1 Introduction

Microarray technology generates a vast amount of data by measuring, through
the hybridization process, the levels of virtually all the genes expressed in a bi-
ological sample. One can expect that knowledge gleaned from microarray data
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will contribute significantly to advances in fundamental questions in biology
as well as in clinical medicine.

One important goal of analyzing microarray data is to classify the samples. To
cite a few, Golub et al. (1999) have considered classification of acute leukemia,
Alon et al. (1999) have addressed the cluster analysis of tumor and normal
colon tissues. The approaches developed in these papers consist in discrimina-
tion methods and machine learning methods (see Dudoit et al. (2002) or Lee
et al. (2005) for a comparative study).

In microarray studies, the number of samples, n, is relatively small compared
to the number of genes, p, usually in thousands. Unless a preliminary vari-
able selection step is performed, standard statistical methods in classification
perform poorly because there are far more variables than observations. One
problem is multicolinearity: estimating equations become singular and have
no unique and stable solution. Furthermore even if all genes can be used as in
support vector machines, it does not seem to be sensible to use all the genes.
This use allows presence of the noise associated with genes of little or no dis-
crimination power, that could inhibit and degrade the performances of the
classification rules in its application to unclassified tumor. In this situation,
dimension reduction is needed to reduce the high p-dimensional gene space. In
most previously mentioned works, the authors have used univariate methods
for reducing the number of genes.

Alternative approaches to handle the dimension reduction problem can also
be used. In particular, there exist parametric methods based on “Partial Least
Squares” (PLS). In the microarray context, PLS yields orthogonal linear com-
binations of genes so reducing the dimension with few “super-genes”. Nguyen
and Rocke (2002b,a) proposed using PLS for dimension reduction as a pre-
liminary step to classification, based either on linear logistic discrimination,
or linear or quadratic discriminant analysis. However, this seems to be in-
tuitively unappealing because PLS is really designed to handle continuous
responses and models that do not suffer from heteroscedasticity as it is the
case for Bernoulli or multinomial data. More recently, Ding and Gentleman
(2005) proposed an approach based on the procedure of Marx (1996). They
phrased the problem in a generalized linear models setting and applied Firth’s
procedure to avoid (quasi)separation. Indeed, for logistic regression, it is well
known that convergence poses a long standing problem. Infinite parameter es-
timates can occur depending on the configuration of the sample points in the
observation space (Albert and Anderson (1984)). Fort and Lambert-Lacroix
(2005) proposed a new method combining Partial Least Squares (PLS) and
ridge penalized logistic regression and applied this procedure to the microarray
data classification.

There exist alternative semi-parametric approaches. Antoniadis et al. (2003)



proposed to use the Minimum Average Variance Estimation (MAVE, Xia et al.
(2002)) to reduce the dimension before applying (non) parametric logistic re-
gression. As PLS, this procedure provides linear combinations of genes. It is
based on a local least square criterion combined with a nonparametric esti-
mation by local polynomial of the regression function. Even if this procedure
handles any response variables, it does not take into account the particular
generalized linear model structure. In particular it does not use the relation-
ship between mean and variance and the fact that in generalized linear models,
we usually consider criteria based on likelihood (which coincides with the least
square criterion only for gaussian models).

In this paper, we view the classification problem as a regression one with
few observations and many predictor variables. We propose a new approach
for dimension reduction which we call GSIM. Based on a semi-parametric
approach, GSIM use local likelihood estimates for single-index generalized
linear models. This method is similar to the procedure OPG (Outer Product
of Gradients) of Xia et al. (2002) which is a simplified version of MAVE but
with comparable performances. The difference between GSIM and OPG stands
in replacing the least square criterion by the likelihood one. So we use the
particular structure of generalized linear models.

In all the dimension reduction methods mentioned above, the reduction is
obtained selecting some linear combinations of covariables. The goal is to
search some informative direction and to delete directions which contain only
noise. There exist another family of methods: the variable selection. These
approaches consist in selecting the most informative genes. For example in
diagnostic context, it could be interesting to select some genes instead of lin-
ear combinations (using a priori all the genes). Nevertheless, the compression
approaches are not incompatible with variable selection approaches. The pro-
cedure proposed here can be used to select variables by adapting for example
the Recursive Feature Elimination (RFE) of Guyon et al. (2002).

This paper is organized as follows. In Section 2, we consider generalized linear
models. In particular, we recall classical parametric and nonparametric meth-
ods with some limitations in high dimension. Next we give the definition of the
generalized linear single-index models that allow to overcome the dimension-
ality problem. Section 3 is devoted to our estimation method in these models.
First, we propose a procedure in the asymptotic context and give its asymp-
totic properties. Next, we propose to modify it in the “large p and small n”
case by introducing a ridge penalty. In Section 4, we illustrate the asymptotic
performances of our procedure by simulations. We also consider applications
of our methods when applied to binary and multi-class classification on three
real data sets: Colon, Leukemia and SRBCT (that is in the “large p and small
n” case). Section 5 contains the proofs of asymptotic properties.



2 Model and Notations

After recalling the definition of the generalized linear models, we present the
maximum likelihood method. In particular, we point out the problem of exis-
tence of the maximum likelihood estimator for the logistic regression. A nice
overview for generalized linear models can be found in Fahrmeir and Tutz
(2001). We also recall the local likelihood method, viewed as a nonparametric
approach. In both situations, we underline the limitations of these approaches
in the case of “small n large p” and we propose to consider instead the gener-
alized linear single-index models.

2.1 Notations

For two integers [ < m, [ : m is the vector (I,l+1,...,m). The p-dimensional
vector of components equal to one is denoted by 1,,; (e1,- - ,€,) is the canon-
ical base of R™ and Id,, is n X n identity matrix. For a matrix A, we denote by
A, j the element (i, 7) (when A is one vector, we use the notation A;); A;;. is
the matrix composed of A rows from i to j; AT denotes its transpose and |A|
its determinant.

For [ = (ly,...,l,) a vector of NP, we introduce the following notations,
p p p L
=>4 U=l VvVzeR?, at=]]z/.
=1 j=1 j=1

Let f be a function which has continuous partial derivatives in R? up to order
q. For [ € A, = {I;|I] < ¢}, the partial derivate 9! f(x)/02! is denoted by
DLf(z). We also denote by V the gradient operator.

2.2  (Generalized linear models

2.2.1 Definition

Let (X{,Y1),...,(XT)Y,) be an independent random sample of the random
pair (XT,Y), where Y is a response variable of RY, where G is positive integer,
and X is the associated covariate vector of RP. We assume that the conditional

density of Y given X = z, belongs to a canonical exponential family (see
McCullagh and Nelder (1989))

y'0(x) — b(0(x))
a(9)

Feyx(y) = exp { + ey ¢>} 1)



for some known functions a(-), b(-) and ¢(-, -). The parameter 6(-) is called the
canonical parameter and ¢ is called the dispersion parameter. Recall that the
law support of this distribution must be independent of 6(-).

In parametric generalized linear models, some transformation of the regression
function pu(x) = E(Y|X = x) is supposed to be linear in the covariates:

gk(:u(x)) = Uk(f) = ‘/L‘T’Y(k)v k= 1., Gv (2)

where the function ¢ : R — R is called the link function. The choice of
g = (Vb)™! allows to identify the linear predictor n(x) with the canonical
parameter 0(x), and this special link is called canonical link.

In some cases, the linear relation of the parametric approach is not guaranteed.
To enhance the flexibility of the model, another approach consists in supposing
that n(z) is a nonparametric function.

2.2.2  Example: logistic regression

This model is used for the polychotomous discrimination problem which will
be considered for applications to microarrays. The categorical outcome has
G + 1 classes labeled 0,1,...,G, and the response variable Y is coded in the
following way. The k-th component of Y is equal to 1 and the others are zeros
if and only if the label is k. The label 0 is coded by G components equal to
0. This model is a multinomial one with parameters (pug, - - , g) where py is
the probability of the k-th class. The case G = 1 correspond to the Bernoulli
model.

That is a generalized linear model with Y € {0, 1} and link function gy () =
Nk = Inpp — In g, 1 < k < G. The canonical exponential family is defined by
a(¢) =1, b(n) =In(1+ X%, exp(n;)) and ¢ = 0. It follows that

ex
. P(1k)

_ ., 1<k<G.
1+ Zlel exp(m)

2.8 The parametric approach: maximum likelihood

2.3.1 Log-likelihood function

In the model (2) the parameter vector of size G(p + 1) defined by v =

(fy(l)T, e V(G)T)T is estimated by maximum likelihood. We suppose the model
to be sufficiently regular as in the logistic regression case.

Here we need some additional notations. The observations (y;, x;) of (Y, X;),



1 < i < n, are collected in the vector of response variables Y € R and in
the design matrix X(@ € RGP The k-th bloc of Y is given by

YLk+1:Lk+G = Yk, with L — (k — 1)G, k= 1, oo, n.

In the same way, the rows from ¢, + 1 to 1, + G of X&) are build from the
realization x; of Xj. Precisely, we have

2l 0 - 0
0 2L ... 0
G k
EkJ)rl:Lk+G,: = : (3>
I 0 --- 0 x%

The bloc matrix Z(@) € RGP+ ig defined from the vector z, = [1 zF]7 in
an analogous way. Notice that for G = 1, X(%) is the usual design matrix X
of size n x p, and that Z(") = [1I,, XM].

The log-likelihood of the observations for the value v, simply denoted by ¢(7),
is given by (up to a multiplicative term independent of )

E(fy) = YTZ(G)’}/ — Z b ((Z(G)'Y)Lk—i-lwk-‘rG) :
k=1

Such an estimate is a solution to the normal equation z&" (Y —pu(y)=0
and the means vector p is given by

V1 S k S n, l’l’Lk-f—l:Lk-‘rG(’Y) - Vb(g)

e=(Z DY), 41y 4G (4>

Notice that £(+) depends on + through the linear predictor = Z(%)~. To make
identifiable the parameters relating to the constant in the model (41, b =
0,...,G—1), XM must be centered: X* — 1, I7X ™ It is also recommended
to standardize the design matrix for numerical stability in the computations.

2.3.2 Iteratively Reweighted Least Squares

If Z(© is of full column-rank, the parameter v is identifiable. In general, the
normal equations are not linear in v and are solved in an iterative way. When
the estimate exists and is unique, it can be computed as a limit of a con-
verging Newton-Rapson sequence. This algorithm is known as the Iteratively
Reweighted Least Squares (IRLS) algorithm (Green (1984)).

If Z(%) is not full column-rank, the parameter v is no longer identifiable. Nev-
ertheless, we can always consider the full column-rank matrix Z®*%%) obtained



with common computation based on singular value decomposition. When it
exists, we have then a ML estimator 4MY € Rrnk(Z“) and 4MV ig defined as
the minimal norm vector among all vectors satisfying Z(¢) = Z(red.G)3MV

2.3.83 Particular case of the parametric logistic regression

When Z(@ is of full column-rank, the ML estimator does not necessary ex-
ist. It depends on the configuration of the n sample points in the covariables
space (cf. Albert and Anderson (1984); Santner and Duffy (1986); Lesaffre
and Albert (1989)). There are three exclusive cases: separate, quasi-separate
and overlap situations. In the first two cases, the function ¢ is maximal
when ||v]] — +oo and the ML estimator does not exist. In the overlap
case, normal equations possess an unique solution. Notice that the choice
7 = (G+1)713Y + (Ig, — Y)) is a good initialization to obtain a conver-
gent sequence in the IRLS algorithm (Fahrmeir and Tutz (2001)).

In the applications considered in Subsection 4.2, we have n << p, such that
in practice rank(Z(®)) = Gn. The matrix Z® is not of full column-rank. By
reparametrization, the likelihood equations leads to Y = p that involves (cf.

(4))

YLk—‘rl‘
1-39Y
=1 L+l

(Z0e49)5), L, =1In ( > : Vi<k<n1<i<G.

So we have [|¥|| = 400 and it follows that the likelihood estimator may never
exist. So we must consider a dimension reduction method to address the re-
gression problem in a subspace of smaller dimension.

2.4 The nonparametric approach

When 7(+) is modeled in a nonparametric way, we can consider an estimation
method based on local likelihood (see Fan and Gijbels (1996)). This method is
commonly presented for the case of p =1 and G = 1. Due to the applications
considered here, we present it for any p and G. The function 7n(-) is locally
approximated by a polynomial of order ¢

Me(w) ~ Z Dlnk(x)(u — :(:)L/L! = Z af(u—x)i, k=1,...,G,

éEAq LGAq

for v in a neighborhood of z. We denote by a; the vector (all, o af)T

Let K? be a p-dimensional kernel, H a bandwidth matrix, and K% (-) =
|H|7'KP(H'.) be the rescaling of KP?. The local likelihood is a weighted



likelihood, with weights K%, (X; — ) :

Kip(Xi — ). (5)

iﬁ {Z a (X; —2)LY,

i=1  |leA,

Here L(u,Y’) is the log-likelihood function in which n(x) is replaced by its
polynomial approximation u. The local likelihood leads to lsl\nk (r) = af(z),
where {a,(z),l € A,} maximizes (5) with respect to {a;,l € A,}. In particular,
we have

,,,,,

The estimators {a;(z),l € A,} are determined by an iterative algorithm as
IRLS with adequate design and weight matrices. We can find in Fan and
Gijbels (1996) several methods in order to estimate the bandwidth matrix in
the case p =1 and G = 1.

Due to the curse of dimensionality, surface smoothing techniques are not very
useful in practice when there are more than two or three predictors variables.
Indeed this problem refers to the fact that a local neighborhood in higher
dimensions is no longer local. To deal with the curse of dimensionality problem,
we propose to consider the generalized linear single-index models.

2.5 Generalized linear single-index models

In order to overcome the dimensionality problem, a popular way consists in
first projecting all the predictors X onto a linear space spanned by the predic-
tors and in fitting a nonparametric curve to their linear combinations. As in
the previous subsection, we introduce these models for any G although they
are generally presented for G = 1. That leads to the linear single-index model

Y =u(X)+e m(X) =P X), k=1,...G,

with E(e| X)) = 0 almost surely and where fi (resp. ug) are functions defined
over R (resp. RP).

Clearly the scale of ﬁ(k)TX in [Lk(ﬁ(k)TX) can be chosen arbitrarily: for any

cr >0, (8% fix(+)) and (cx 8™, fir(-/cx)) leads to the same regression function.
On the other hand, we have

E[Vie(X)] = B [V{i(8%" X)) = E [{V{3 (397 X)) 5.

For identifiability purposes we propose to set %) = E(V ,(X)).



3 Estimation method

Our goal is to estimate %) and n, for k = 1,...,G. First we consider our
approach in the asymptotical context and give the properties of the resulting
estimate. In the applications to microarray data, we are far from the asymptot-
ical case, and we propose to modify our approach by introducing a quadratic
regularization term as ridge penalization. After discussing the computational
aspects and choice of the hyperparameters, we compare our procedure with
(r)OPG (Xia et al. (2002)). Notice that even if we consider applications with
small n, we think that it is important to study asymptotic properties of our
estimator, to justify their use.

3.1  Asymptotical view

3.1.1 binary case

We first consider the case G = 1 and consequently we temporally omit
the index k& which takes only one value equal to 1. We have § =
E((g7")(n(X))Vn(X)). The idea developed here is to estimate n and Vn
by their maximum local likelihood estimator 7 and ﬁ] Then [ is esti-
mated by the empirical mean of the variables (¢~)'(7(X;))Vn(X;). To end,
7 is given by maximum local likelihood estimator computed from the sample

(B" X1, Y1), -, (BT X, Yn) and fi(x) = g7 (7(67 ).
Our procedure for estimating 3 and 7 is described in the following algorithm.
Algorithm 1

Step A: For j = 1,...,n, find H(X;) = a..0(X;) and Vn(X;) =
(del(Xj) e 7ded(Xj)) , by maximizing

n

e

=1

> (X — X)L Y
leA,

Ky (Xi — X5), (6)

with respect a;, 1 € A,. We put

Step B: Find n(z) = ag by mazimizing

n

> L ag + ar(B7(X; — 2)), Yi| K, (37(X; — 2)), (7)

=1



with respect ag and a;.

This procedure involves the choice of a smoothing parameter at two different
levels and also the choice of the order ¢ of the polynomial approximation in
step A. This point will be developed in Subsection 3.3.

We are now considering asymptotic properties of the direction estimator in
Step A. We first introduce some notations. Let I;(u,v) = (8" /0u’)L(g™ (u),v);
l; is linear in v for fixed u, and

h(n(z), u(x)) =0, la(n(x), (@) = —p(z),

where p(z) = {¢'(1(2))*V (u(z))} " and V(u(z)) = Var(Y[X = z). We sup-
pose that the following conditions are satisfied.

Conditions

(1) The vector of covariates X have a density f with compact support Sy.

(2) The functions f(-), DEn(-), |k| = q + 2, DEf(-) and DEp(.) for |k| = 1,
are continuous for z € Sx.

(3) The function ly(u,v) < 0 for v € R and v in the range of the response
variable.

(4) The functions l1(u,v) and (g~')” are bounded and (¢g~')” is continuous.

(5) Var(Y|X =z) #0, and ¢'(u(x)) # 0, for z € Sx. We also assume that

inf (p(x)f(z)) > 0.

T€Sx

(6) The Kernel K is a probability density having compact support Sk». The
bandwidth is a diagonal matrix H = hld,. We assume that h = cn™?,
¢ being a constant, and we also assume that nh?*? goes to infinity. This
last condition leads to the constraint o < 1/(p + 2).

(7) We assume the existence of § > 0 such that

1—26 - <1—25
————— (0 .
2q +p +2 p+2

These conditions are quite classical for this kind of models. Conditions 1 and
2 correspond to classical assumptions on the covariates. The conditions 3 and
4 insure the concavity of the objective function £ and regularity assumptions
on L and the link function. If the canonical link is used and if the variance is
correctly specified (see condition 5) then the condition 3 holds. In this case,
condition 3 is equivalent to b" > 0, which holds because of Var(Y|X = z) =
b"(A(x)). The condition 5 is not restrictive, it is a condition on the GLM, on
the distribution of X and the second derivative of the objective function. The
assumption on Kernel and bandwidth (condition 6) are quite usual. Note that
conditions 3 and 5 imply that p is strictly positive over Sy, the support of
covariables. The constraints given on alpha in the last two conditions are quite

10



close to the choice that would be made for estimation without penalization,
then the choice to achieve a good balance between bias and variance is

1
o= ——.
29 +p+2

Theorem 1 (Consistency of the estimatorﬁ ) Under the foregoing conditions,
B is a consistent estimator of B which means that

Ve >0, nhﬂIgOP(WA—m >¢€) =0.

The proof of Theorem 1 is given in Appendix 5.1.2. In this theorem, we obtain
the consistency of the direction estimator in step A, but we do not have any
convergence rate. We already tried to obtain a speed in \/n but our method of
proof requires then constraints such as ¢ > p/2. Considering that in practice
we have ¢ = 1 or 2, such a constraint is unacceptable, and the task of obtaining
better rates is left for future research.

3.1.2  Categorical outcomes

When G > 1, we can estimate the directions as in the step A. Indeed, in the
logistic regression model for example, we have

ot~ mi Bn(X) V10 (X)),

where

B (X) exp(ne(X)) [5’m exp (1) (X)) ]’

T 12 exp(p(X)) 1+ 57 exp(m(X))

and dy,, = 1 if &k = m, 0 otherwise. So %) can be estimated by the corre-
sponding empirical mean. On the other hand, the application of the step B is
not straightforward. Recall that ag+ a1 (67 (X; — ) in (7) corresponds to the
local linear expansion of 7 at 37x. The role of K} (67(X; — x)) is to weight
strongly the point for which this expansion is valid. For G > 1, at each point
(X;,Y;), we have G local linear expansions: 7 at B(k)Tx and the difficulty
stands in the determination of the weight. A natural choice is a weight equal
to KgB({B(k)T(XZ- — 2)}k=1,.. ) but the determination of the matrix Hgp is a
difficult problem still open. So we propose to replace the nonparametric fit by
a parametric one. This fit is slightly different from the one presented in the

11



Subsection 2.3.1: the bloc Xf}rl:bﬁ& in (3) is replaced by

BTy 0 0
© 0 B(Q)Txk 0
e+l +G: =

0 0 BTy

Notice that, under similar assumptions and using exactly the same arguments
as for the binary case, we can prove the consistency of the resulting estimators

W k=1,...,G.

3.2 Small n and large p case

The maximization of (6) corresponds to the research of a weighted log-
likelihood maximum, with weights (K% (X; — X;)), and with a particular de-
sign matrix with columns growing with ¢. In practice, it is determined by an
algorithm as IRLS (Section 2.3.2). In Subsection 2.3.3, we have recalled that
the maximum does not always exist. In particular for the logistic regression,
the likelihood maximum may never exist when the rank of the design matrix
is equal to n (Section 2.3.3). In the applications considered here, this rank is
given by n. Two approaches can be considered to avoid this problem. Firstly,
we can select some covariables. Secondly, we can introduce a ridge type penalty
in the weighted log-likelihood.

One could have chosen to select some genes instead of introducing a penalty
term. Nevertheless, we tried our algorithm without penalty for microarray
data, by selecting genes. We chose quite a simple approach: we computed a t-
test statistic for each gene and we kept the genes with the higher value of this
t-test statistic. Then the best results were obtained for a very small number of
genes (two or three). These results were less good than those obtained when
introducing a penalty term. Moreover, the results were worsening quite fast
when increasing the number of genes considered. In fact, the noise triggered
by the increasing number of genes is not compensated by the weighting which
is not sufficient to correct the variability introduced by the number of genes.
To obtain a better stability, one needs a large value of h parameter.

So in this paper we chose to introduce a ridge penalty, solution which allows
to consider all the covariables. Moreover, a ridge penalty for the gradient
estimate has been introduced by Seifert and Gasser (1996) in the gaussian
context when p = 1. This penalty allows to solve problems such as sparse or

12



clustered design. We expect to encounter this situation in the classification
problems. So we believe that this penalty is needed even for large n.

3.3  Computational view and hyperparameters selection

In the first step of the algorithm, we must chose the order ¢ of the polynomial
approximation. In practice we retain a linear fit as for the rOPG method
introduced in Xia et al. (2002). Moreover, we use in the step A a product
kernel in order to reduce the curse of dimensionality; that leads to take a
diagonal bandwidth matrix H. The kernels are gaussian.

Recall that the covariables are not standardized to have unit sample variance.
Let denote by X? the diagonal matrix such that 7, is given by the empirical
variance of the covariable X;. When the covariables are measured in different
units, it is typically recommended that the variables be first standardized to
make the penalty meaningful. That yields to use the norm |Jul%; = u'>%u
for the coefficients associated with the gradient. Precisely, for example in the
case of G = 1, that consists in replacing (6) by

n A
> Lag+ 0" (Xi = X;), Vi K%(X: — X;) — FU7ER,

i=1

where b = (ae,, . . ., aep)T. Such a penalty strongly penalizes the gradient in the
directions that are the most variable. Notice that we make this standardization
even in the case of expression arrays where for example the variables are
all measured in the same unit and where this standardization is optional.
Let XM = (XM — 1, 17X® /n)X~! be the standardized design matrix. We
denote by 3> (resp. 3*) the estimator corresponding to X(V (resp. X)) with
bandwidth matrix H (resp. H) and the usual euclidian (resp. || -||%2) norm in
the penalty term. We can show that 4> = ©713> for H, = HX~!. Then it is
natural to compute the estimator by using the standardized design matrix. So
we consider Hy = huld,, and then we reduce the number of hyperparameters
to chose.

Our procedure involves the choice of a smoothing parameter at two different
levels. At the first one, the aim is the estimation of n and its gradient, and the
bandwidth h,4 should be optimal in this respect. When we need to penalize
the log-likelihood, we must also determinate the regularization parameter .
We opt for cross-validation. At the second step, we want to estimate 7 and
hp should be optimal for this task. For this most common choice, we opt for
the plug-in method proposed by Fan and Gijbels (1996). In the applications
to microarrays, the projections of the covariables on the estimated direction
sometimes split into two groups with very close numerical values within each

13



group. In this case, it is not possible to compute hg by the plug-in method
and it is natural to use a parametric fit.

For example when GG = 1, the procedure, presently derived in R? can be equiv-
alently derived in R” where r = rank(X™) < n. For this purpose, we compute
the Singular Value Decomposition UDV’ (SVD) of X1, the standardized de-
sign matrix and collect the first 7 columns of U D in X0edD) = (UD). ;.. Tt is
readily seen that GSIM, run by replacing X by X(er D yields an estlmate
ﬁred A uniquely related to 5)‘ by ﬁA Vﬁred X Hence, up to a SVD, the proce-
dure is independent of p which is of computational importance. When G > 1,
we have to use the matrix X4V to construct X (4% and ﬁ (k):A — Vﬁred (R):A
fork=1,...,G.

3.4 Comparison with rOPG

The procedure (r)OPG, introduced by Xia et al. (2002), estimates the esti-
mated effective dimension reduction space spanned by k (k < p) orthogonal
directions. When x = 1, this method is equivalent to step A of GSIM but
with a least square criterion used instead of a log-likelihood one. The direc-
tion is estimated by the vector associated to the largest eigenvalues of the
empirical estimation of E(Vu(X)Vu(X)T). The refined version, denoted by
rOPG, consists in iterating until convergence a step A’ (after the step A) de-
fined by the following instructions. Put {B}O = (3 and at the k-th iteration,
{B}* is obtained as in step A with weight K}({3}*D7(X, — X;)) instead
of Ki;(X; — X;). Indeed, in the linear single-index model, the function 7 is
constant in the direction orthogonal to 3, so we can stretch the window in
this direction. That makes the kernel K} (57 (- — Xj)).

Even if the (r)OPG method can handle any type of response variable, the least
square criterion seems to be well adapted to gaussian situations but not to a
categorical response. For example, when applied to categorical responses, we
have observed that the results depends on the labels. Precisely, if we switch
the labels, the direction estimation changes. That could lead to classification
results very different according to the labels order (see Subsection 4.2). That
does not occur for GSIM.

In Xia et al. (2002), the procedure (r)OPG is not applied in high dimension
data problems. In such cases, for the gradient estimation, the method amounts
in projecting (in some geometry inducted by the weights computed from the
kernel) one vector of length n on a space of dimension n. So the projection is
the vector itself and does not depend on the bandwidth. In fact, it is equivalent
to consider the parametric model pu(X) = a + X and to estimate ( by
likelihood maximum. It seems to be not very interesting to do that in our
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situation. So we propose to introduce, as for GSIM, a ridge penalty. Notice
that in the code proposed by the authors, there exists one term of numerical
stabilization corresponding to a ridge penalty fixed to 0.0001. Our approach
only makes this constant a parameter \.

In a classification goal, we have applied the same step B of GSIM after esti-
mating 3 to make comparable the methods. So we show that taking account
the relationship between expectation and variance in GLM, we improve the
results. As for GSIM, we use cross-validation technique to determine the hy-
perparameters and plug-in method for compute the bandwidth of the second
step.

Notice that this classification rule is slightly different from the method used
in Antoniadis et al. (2003) where the dimension reduction is obtained with
MAVE another method developed by Xia et al. (2002). In fact, rOPG is a
simplified version of MAVE and we have observed that both methods lead to
comparable performances. We have considered rOPG since it is most directly
related to the step A of GSIM.

Concerning the numerical implementation, the procedure (r)OPG is stable by
reparameterization using SVD as is GSIM. Only OPG is invariant up to the
columns standardization. However we have choosen to standardize the design
matrix to compare fairly the methods.

4 Numerical examples

4.1 Asymptotic study

In this subsection, we use one binary regression example to demonstrate the
relation between estimation errors and the bandwidth for step A of GSIM and
to check the asymptotic performance of our estimation.

As in the rOPG method, we set A = 107 to stabilize numerical computations.
Then the parameter h 4 is determined by cross-validation on the mean-squared
error. Indeed (Le Cessie and Van Houwelingen (1992)) the choice of the er-
ror criterion depends mainly on the way that the model is used to predict
future observations. Notice that when n is very large (500 for example) cross-
validation requires very long computational time. In this case, since n is very
large we can randomly split the sample into a learning set and a test set
for which we compute the mean-squared error as above. We recall that the
bandwidth hApg is determined by plug-in method.
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We consider the following binary regression model:
n(X:) =0(67X:), B=(-1,1,1,1)7/2, ()= 3sin(2u).

The covariables X; = (X, ..., X" are such that X" ~ N(0.5;1) and

Xi(k) ~ N(0;1), k = 2,3,4. The components of X; are independent. We run
100 replicates of the observation sequence of sizes n = 50,100,250 and 500.
Concerning step A, we define the estimation error as ||3 — G2 (where || - ||
is the usual euclidian norm). With different sample sizes and bandwidths, the
average errors are shown in Figure 1. The vertical lines are the corresponding
average of cross-validation bandwidths. This figure shows that the estimation
procedure works well and cross-validation bandwidth is applicable to param-

eters estimation. Simulation results are listed in Table 1.
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Fig. 1. Simulation results. The solid line are means of the estimation errors
from 100 replications. The vertical lines are means of corresponding cross-validation
bandwidths.

Table 1
Simulation results. Mean and mean squared error (in parentheses) of estimated
parameters and RASE.

n B 2 B3 B4 RASE

50 -0.534 (0.202) 0.256 (0.362) 0.331 (0.360) 0.381 (0.312) 1.549 (0.302)
100 -0.496 (0.110) 0.472 (0.131) 0.477 (0.136) 0.483 (0.152) 1.158 (0.249)
250 -0.476 (0.120) 0.486 (0.147) 0.472 (0.140) 0.483 (0.157) 1.185 (0.249)
500 -0.497 (0.076) 0.527 (0.049) 0.480 (0.083) 0.475 (0.072) 0.897 (0.074)
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In order to evaluate the step B, the performance of the estimator ﬁ is assessed
via the square root of average squared errors (RASE)

. 1/2
1 grid ~ ~ 5
RASE = > [(uy) — 7(uy)] ,
Ngrid j=1
where {u;,j =1,..., 044} are the grid points at which the function 7 is esti-

mated. Here we have taken 50 points uniformly spaced in the range [—1.5; 1.5].
The results are given in Table 1. Figure 2 summarizes typical performance of
the estimators of the function 7 for n = 250 and 500.

predictor
o
predictor

Fig. 2. Curve estimate. Solid curve corresponds to 7 and the dotted curve is its
estimate (n = 250, 500).

4.2 Applications to microarray data

4.2.1 Supervised learning

The goal of the supervised learning is to predict the labels of some sample (like
tumor class) from its gene expression profile. The classes are predefined and
the task is to understand the basis for the classification from a set of labeled
objects (training or learning set). This information is then used to classify
future observation. This classification problem can be viewed as a regression
one. As seen, categorical outcomes belong to generalized linear models family.
For a new gene expression profile x, we can compute from the learning set,
i(z) € RY where 7 is any estimator of the predictor 1. Therefore the classi-
fication rule consists in predicting the class by that which gives the largest
likelihood. This is equivalent to predict class ¢ if and only if

[ﬁz(x) > ﬁl(x)v Vi € {07 T 7G}]7
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where 79 = 0 by convention. Hence methods such as rOPG or GSIM may be
used in applications to classification of microarrays data.

4.2.2  Comparison methods

We compare the classification results from our procedure to those of other
classifiers including rOPG, the Ridge procedure used in Zhu and Hastie (2004),
diagonal linear discriminant analysis (DLDA), diagonal quadratic discriminant
analysis (DQDA) and k-nearest neighbors (KNN) based on the Euclidean
distance (see Devroye et al. (1996) for an overview of these last three methods).

DLDA, DQDA and KNN are thus introduced in the present paper as “clas-
sical statistical methods”. Comparing our method with rOPG, we show how
to improve the results obtained by rOPG by taking into account the GLM
structure. Finally when modeling the means in the single index model by
parametric function (like pi(X) = ax + BwTx ,), we can estimate simulta-
neously a;, and %) by penalized logistic regression as Ridge. That allows to
compare parametric versus nonparametric approaches.

4.2.8  Data and pre-processing

We will consider in turn three data sets. The software (R package)
that implements the procedures and the data sets on which this pa-
per focuses are freely available from http://cran.r-project.org/src/
contrib/Description/plsgenomics.html.

Colon: Available at http://microarray.princeton.edu/oncology/affy
data/index.html, the Colon data set contains 62 tissue samples with 2000
genes: 40 tumors tissues, coded 1, and 22 normal tissues, coded 0 (see Alon
et al. (1999) for more details).

Leukemia: Available at http://www.broad.mit.edu/cancer/software
/genepattern/datasets/, the Leukemia data set, contains 72 tissue sam-
ples with 7129 genes: 47 cases of acute lymphoblastic leukemia (ALL), coded
0, and 25 cases of acute myeloid leukemia (AML), coded 1 (see Golub et al.
(1999) for more details). Furthermore, we can also treat these data as a multi-
class problem by considering both type B (38 samples) and 7" (9 samples) of
the ALL case.

SRBCT: Available at http://www.thep.lu.se/pub/Preprints/01/lu_
tp_01_06_supp.html, this data set consists of microarray experiments of small
round blue cell tumors (SRBCT) of childhood cancer (see Khan et al. (2001)).
It contains 88 samples with 2308 genes: 29 cases of Ewing sarcoma (EWS),
coded 0, 11 cases of Burkitt lymphoma (BL), coded 1, 18 cases of neuroblas-
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toma (NB), coded 2, 25 cases of rhabdomyosarcoma (RMS), coded 3. A total
of 63 training samples and 25 test samples are provided. Five of the test set
are non-SRBCT and are not considered here.

Pre-processing: For Leukemia and Colon data, the pre-processing steps rec-
ommended in Dudoit et al. (2002) are applied: thresholding (floor of 100 and
ceiling of 16000)/ filtering (exclusion of genes with max/min< 5 and (max-
min)< 500 / log,,-transformation / standardization in row (each sample is
centered and normalized). Notice that this last step is essential to have mi-
croarrays at the same scale. The goal of this standardization differs from the
one of the standardization “in column” in order to avoid identifiability prob-
lem and to have good regression behavior. These pre-processing steps yield
a resulting number of covariates depending on the subdivision Learning and
Testing set, lower than the initial number of genes but still far larger than
the number of observations. Notice that the SRBCT data do not need pre-
processing.

4.2.4 Assessing prediction methods

Resampling study: It is common to assess the performance of the classifi-
cation rules for a selected subset of genes by their errors on the test set and
also by their leave-one-out cross-validated errors. Due to the instability of
leave-one-out error rates, we perform a re-randomization study i.e. an out-of-
sample analysis on 100 random subdivisions of the data set into a learning set
and a test set. For the Colon data no learning and test sets are available and
we have chosen a test set size equal to one third of the data (2:1 scheme of
Dudoit et al. (2002)). In each learning test, each subclass is represented with
the same proportion as in the total population. For the Leukemia and SRBCT
data, a test set is available and we randomly split the original data set into
a training set and a test set of the same size as the original ones. Here each
subclass is represented with the same proportion as in the original learning
set (for example 19 ALL-Beell, 8 ALL-Tcell and 11 AML for Leukemia data).
We use the same subdivisions for Leukemia data, when we treat these data
as two or three classes problem. Each subdivision yields a test set error rate
for each predictor; Boxplots are used to summarize these error rates over the
runs.

Hyperparameters choice:

The optimal number of neighbors k£ for KNN method is determined by a
cross-validation technique based on the misclassified rate. The k range for is
given by IC; = {1,...,20}. The regularized parameter for the Ridge procedure
is chosen by cross-validation over 15 log-linearly spaced points in the range
[107%; 10]. Moreover, bandwidth and regularization parameter (for rOPG or
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GSIM step A) are simultaneously determined by cross-validation techniques
based on misclassified rates. For rOPG (resp. GSIM), we use 5 log-linearly
spaced points in the range [1073;30] (resp. [1073;30]) for A and in the range
[0.5; 6] (resp. [0.8;100]) for hy. The hy range for both methods differs. Indeed,
the bandwidth for rOPG method correspond to univariate kernel since in the
refined version of OPG, the kernel is computed over covariables after projec-
tion. Note that, to fairly evaluate and compare the methods, pre-processing
and (hyper)parameters estimations are performed on the training set (at each
step of the cross-validation process).

4.2.5  Discussion

Misclassification rate results are reported in tables 2 to 5 and boxplots are
plotted in figures 3 to 6. For Colon data, one can observe that DLDA, DQDA,
Ridge and GSIM methods lead to similar misclassification rate with slightly
best results for DLDA. However, for Leukemia data, one can notice that Ridge
and GSIM seem to provide best results than all the other methods. If DLDA
remains good for two classes data, when we consider three classes, Ridge and
GSIM misclassication rates are significantly smaller. Concerning Leukemia for
two classes, the method proposed in Golub et al. (1999) only predicts the
class when “the prediction strength” exceed a predetermined threshold. Their
method made strong predictions for 29 samples out of the 34 samples of the
available test set, with no prediction error on these 29 samples. Using the
same learning and test sets, GSIM leads to one misclassified sample out of
the 34 test samples. For SRBCT data, the results of Ridge and GSIM become
very good compared to other methods. These methods seem to be the most
relevant methods for categorical data. Khan et al. (2001) developed a method
of classification using artificial neural networks. They applied this method
over the SRBCT data set and correctly classified 100% of the available test
set. Using GSIM, we obtain the same result.

Table 2
Colon. Resampling analysis: mean and standard-deviation.

DLDA DQDA KNN r0OPG-np GSIM-np Ridge

mean 0.144 0.154 0.205 0.201 0.155 0.166
std  0.057 0.064 0.072 0.077 0.056 0.056

Concerning the comparison between parametric (Ridge) and nonparametric
(GSIM) approaches, both methods lead to very similar results. For these real
data sets, there is no significant gain in terms of misclassification error rates by
using the nonparametric approach. That is coherent with the choice of large
bandwidth in GSIM. Indeed for large bandwidth, nonparametric approach
using kernel is very closed to parametric approach. On the other hand, we
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Table 3
Leukemia with 2 classes. Resampling analysis: mean and standard-deviation.

DLDA DQDA KNN rOPG-np GSIM-np Ridge

mean 0.032 0.046 0.046 0.061 0.027 0.028
std 0.034 0.044 0.032 0.072 0.026 0.024

can hope that if the data really need to be modeled in a nonparametric way,
the use of a method such as GSIM is successful comparing with parametric
approach. For example, we run both methods on the data relating the voting
results (passage or failure to pass) in 38 Long Island school district budget
votes given in Simonoff (1996) (page 188). The parametric approach leads to
misclassify 8 samples over 38 and GSIM leads to misclassify 1 sample over 38.
In the Appendix, we also give an example on simulated data that clearly shows
that the proposed method sometimes outperforms the parametric approach.

Table 4
Leukemia with 3 classes. Resampling analysis: mean and standard-deviation.

DLDA DQDA KNN rOPG-p GSIM-p Ridge

mean 0.039 0.046 0.055 0.088 0.025  0.024
std  0.037 0.039 0.036  0.048 0.023  0.022

Table 5
SRBCT (with 4 classes). Resampling analysis: mean and standard-deviation.

DLDA DQDA KNN rOPG-p GSIM-p Ridge

mean 0.040 0.046 0.065 0.149 0.008  0.010
std  0.047 0.045 0.053  0.069 0.026  0.029

When proposing the GSIM method, the aim was to improve rOPG results by
developing a method adapted to categorical data. This purpose seems to be
fully reached: the results are a lot better. Furthermore, it is important to point
out a serious drawback of the rOPG method: if we switch the data labels (that
is, for example, replacing 0 by 1 and 1 by 0 for two classes data), we observe
differences in the results. For example, in table 6, we give the results for rOPG
method, considering all the possible different labels orders for Leukemia data
with 3 classes. Misclassification rate can be almost doubled depending on the
labels order. We also observe differences for two classes data when switching
labels: a mean error rate of 0.061 instead of 0.052 for Leukemia data and 0.201
instead of 0.199 for Colon data. Moreover, even when the misclassification
rates are quite the same globally, they often differ in detail, the misclassified
samples are not the same. That confirms that such a method is not suitable
for categorical data.
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Table 6
Leukemia with 3 classes. Resampling analysis: mean and standard-deviation for
r0PG-p according to different labels order.

mean 0.088 0.155 0.117 0.124 0.086 0.153
std  0.048 0.067 0.074 0.083 0.052 0.063

The results obtained with KNN method are slightly less good than those
obtained with DLDA, DQDA, Ridge and GSIM methods. Besides, in practice
we observe many cases of indecisions. We really believe that the frequent
occurrence of the indecision case shows that KNN is not a pertinent method
(for this kind of data sets). The weakness of this classical statistical method
is clearly illustrated by the numerical results. This problem probably refers to
that in higher dimensions, nearest neighbors are not in a local neighborhood.
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Fig. 3. Colon. Resampling analysis: boxplot.

We also want to stress on the importance of the standardization in row of
the data, that we see as a normalization between the microarrays. Note that
this treatment is not needed for SRBCT data which is already conveniently
preprocessed. DLDA and DQDA methods are very sensitive to this standard-
ization in row: if the results obtained are quite good when the standardization
is done, they deteriorate when this pre-processing step is suppressed. For ex-
ample in Colon data case, we obtain a mean error rate of 0.286 (instead of
0.144) for DLDA and 0.314 (instead of 0.154) for DQDA. GSIM method has
showed a better stability respect to this standardization in row step, the re-
sults are almost the same when the standardization is not done: 0.170 (instead
of 0.155).

Thus, GSIM method provides good results for all the considered data sets,
especially for Leukemia data with three classes and SRBCT data.
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Fig. 5. Leukemia with 3 classes. Resampling analysis: boxplot.

5 Appendix

5.1 Proof of Theorem 1

In this section, we give the proof of Theorem 1. In order to obtain asymptotical
properties of B, we need some asymptotical properties of the estimators of
DEn(z). These properties are given by two lemmas presented in Section 5.1.1.
Theorem is proved in Section 5.1.2.
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5.1.1 Two lemmas

The proofs of the two lemmas presented in this appendix are quite
similar as in the univariate case, notations are just becoming a lit-
tle more complicated (for the univariate case, see Fan et al. (1995);
Fan and Gijbels (1996)). Proofs of these two lemmas can be found at
http://www.stat.ucl.ac.be/ISpub/tr/2005/TR0563.pdf. Here we assume
that the conditions of the Theorem 1 are verified.

We consider the normalized estimator a*(z) which is a vector of length equal
to the cardinal of A, and with component [ € A, given by

¢, ‘WM [ay(z) — Diy(a) /11,
where ¢, = (nh?)~/2. It can easily be seen that a*(x) maximizes
S Ll (i, Xi) + eaa™ Rz, X3)) , Vi| KP(HT(X; — 7)),

i=1

as a function of a*, where

Nz, X;) =nx)+ > DEp(a)(X; — z)k/k!
ke A\ Ao

and

Rz, Xo) = {(HH (X — )}

Equivalently, a*(z) maximizes
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f{ [0 (72, X) + o’ R(z, X,)) Y]

1

= Lo (1w, X)) Y]} KP(HH(X; - ).

7

Condition 3 implies that the function £, is concave in a*. A Taylor series
expansion of £ ([¢g7(+),Y;]) leads to

1
Lo(a*)=Wkra* + ia*TAna*
3 n
Cn * —
g 213 nu z TR(:B7X1))3KP(H 1(XZ - 1’)),

1=1

+
where 7; is between 7(z, X;) and 7(z, X;) + cha*’ R(x, X;),
W, =c, zn:ll [7(x, X;), Y] R(z, X;) KP(H Y (X; — x))
and
Ap = (c,)? zn: Iy [7(z, X;), Y] R(z, X;)" R(z, X;) KP(H Y (X; — 2)).
i=1

Let D be the set defined by {u;z + Hu € Sx} N Sk».

We also define
S = {p(@) f ()v11k

: f}zeAq keA,
where v, = [, utKP(u)du.
Lemma 2 Under the foregoing conditions,

— YW, —— 0. (8)

HHOO

$€SX

For the first two moments of W, we have the following lemma:

Lemma 3 Under the foregoing conditions,

B (7)) = o) (@) [(mfﬁﬂp)é 5

lkl=g+1 =

1 (nh2q+4+p)% ( Z Dn'(x) Z DZO(;)f()I()w) Vitkom + Z D]Z'(x> Vl+k)]

ke B kogre

4 0( [nh2p+4+d} %>7
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flz)Var(Y|X = x)
Vi) yg'{p(x

C’ov({Wx}M) = /Kp Y ultEdu+o(1).
5.1.2  Proof of Theorem

In this section, we give the proof of Theroem 1 using the results of the two
lemmas in Section 5.1.1. Notations are those introduced in 5.1.1.

We have

1 & —

B=B=23 [0 (X)) V(X)) —E[(g7) (X)) Vn(X)]].

n =1

By introducing the term (¢7!)'(n(X;))Vn(X;), we can write

(g7 (X)) Vn(X:) — B [(g7") (n(X)) V(X))

-

I
—

6=

7

(g™ (X)) Vn(Xa) = (971 (n(X0)) Vn(Xy)]

+
SlI= 3|~
AM:

Il
—

7

Thanks to the properties of empirical mean, we have

*Z[ X)Vi(X:) = E [(g71) (X)) Vn(X)] ] = op(1).

n
By a Taylor expansion of (¢7!)'(f(x)) about n(z) we obtain

(g™ (=) = (g7 (n(=)) + (g7 (@) (A (x) = n(x)) + O([Az) — n(x)]*).
We introduce

en() = (97") (n(@) V(@) (A(x) = n(x)) + (97") (n(2))(Vn(z) = Vn(z))

ra(z) = (971) (1)) V() = (g7 (n(2)) V() — en(x).

Then, we have

—

ra(x) = (97" (n(@) () = n(2))(Vn(z) = V(z)) + Vi(2)O([i(z) = n(z))).

The estimation error becomes

n

B= 5= =3 lealX) + 1 X0)] + op (1)

i=1
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To obtain the result, we just have to prove that

ijzlrn(Xz‘) =op(1) , ! ien(Xi) =op(1). )

n
The first condition of (9) will be true if we have

sup |rp(x)| = op(1).

TESx
Since 7j(z) = 55\7](@ with |k| = 0 and Vr(z) = ﬁﬁ\n(x) with |k| = 1 and since,

by Condition 4 of the Theorem 1 (¢~")" is bounded, the following condition
is sufficient

sup |(i)(x) —n(x)) (Dkn(x) = DEn(x))| = op(1), for |kl = 0 and [k] = 1, (10)

TESx

provided that 6\7](33) is bounded when n goes to infinity. This will be ensured
later since we will show in the following that sup,cq, [Vn(z)—Vn(z)| = op(1).
In order to prove the sufficient Condition (10), we first show that, for |k| =0
or 1, we have

Ve >0, sup |5E\n(x) — DEp(z)| = OP(n—(l—ap)/QJra\EHe).

TESx

We consider A,, a discretization of the hypercube Sx fine enough to ensure:

sup inf S "W, — X Wl = op(1).
CEESX CE’GATL
Using Lemma 2, we have:
~ % -1 P
sup |a* — X, W, —— 0,
z€Sx n—eo

with

Ak

C_lh&‘ —
a/(w)E:: n

o [DEn(@) = D))

Therefore, since ¢, = (nh?)~'/2, we obtain, for |k| = 0 or 1:

— 1
sup |DEn(z) — DEn(z)| = ———— sup a*(x)g,
1 [PEi(e) = Phale)] = s sup (o)

1
=—sup [(S2'Wo)| +op(1)
— {p (STTW, )] + on( >}

_ 1 .
B/l {fe“fn (5 Wa)el + 0p<1)} .
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Let Dy = SUPxesX (X k. We know, wusing the constraint
inf,es, (p(x)f(z)) > 0 (see Condition 5), that all the Dj; are finite.
Thus, with the results of Lemma 3, we have:

sup ‘Dk — Dk ‘< > Dy sup

TESx lGA TEA,

h|’“|\1/W (We) ~E [W(Wx)l] '

+O(he ) 4 op( ). (11)

1
hlEl\/nhP

Denoting by

a4 - |W(Wx)z -E [WWI)ZH

and
U(xr, X;,Y;) =l [n(z, X;), Y] R(z, X;) KP(H™ (XZ- — 1)),
we obtain
WZ‘ = Cp Z \I/(l‘, Xi7 }/;)
i=1
and

=3 s (0 X0 B [ vy )

We now use Bernstein’s inequality in order to obtain, for a given 7 > 0 and

for [ € Ay:

P(]dx]>r)§26xp( - - 5 )
250 Var (b {02, X0, YY) + 5k M

with M a constant such as
P ({¥(x, X;,Yi)}, — E[{¥(x, X;, i)}, | < M) = 1.
For v > 0 and € > 0, let 7 be

Bernstein’s inequality is then written:

P (|dx\ > n—(l—ocp)/2+oz\&|+fv) <

_n1+ap+20¢|5|+26

2 exp ‘
(22;;1 Var (hlle-p {\I’(%X“Y;)}D 3h\k|+pM” (1= ap)/2+a|kl+€v)
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Lemma 3 gives Var({W,}; = O(1) which implies

1

Var (hk+p

{\Il(x’Xi,}/;)}l> = O(no‘p“a"f').

Thus, we obtain, for the right member of the inequality, an expression in
exp(—C * n*) where C is a positive constant. Consequently, in the inequal-
ity (11), the first term of the right member is upper-bounded by

2 Z Dy jexp(—Cn®)

leA,

which goes to zero when n goes to infinity. For all 7 > 0, we can write
|d$| < T]I|dz|§7' + |d$|]1|dz‘>7.

With 7 = n~(=ep)/2+elkl+e;, e have seen that P (|d,| > 7) is upper-bounded
by a term in 2exp(—Cn?*®). We obtain:

Sup |dz| < Op(n_(l_ap)/2+a|ﬁ|+€).
QJESX

So, for € > 0,

sup ‘5@\77(56) — Dﬁn(x)‘ < Op(n*(lfap)/eraIEHe) i O(hqﬂf&l)

TESX
+0P(n—(1—ap)/2+alhl)7

< Op(n—(l—ap)/2+a|k\+€) + O(hq—H_'E').

The previous inequality is true for every € > 0. Let ¢ = ¢ with ¢ defined
in the Condition 7 of the Theorem 1. We use this value ¢ for the term with
|k| = 0 and for the term with |k| = 1. Now let’s show that the term in
Op(n~(1=ap)/2+alkl+3) 5 dominating. We want to show hit! = o(n~(17ap)/249),
That will be true only if

- 1—-20
«Q 591 1 9
2q+p+2
for |[k| = 0 or 1. § has been choosen in such a manner that it verifies this
condition. Thus, for |k| =0 or 1:
sup |(7)(x) — (@) (DEn(x) — DAy(a))] < Op(n~ ' To@HED20), (12)

TESX

Here, we want to have the right member of the inequality (12) going to zero
when n goes to infinity for |k| = 0 or 1. So we will need to have:

1—-20

o< ——-.
p+ k|
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For |k| = 0 or 1, this condition is verified because it is less strict than Condition
7 of the Theorem 1. We have proved that

lim — Zrn ;) = op(1).

n—oon ¢

It remains to study the term + Y7, €,(X;) (second condition of (9)). Tt is
sufficient to show that

sup Jea(z)| = 0p(1).

zeSx
By definition, we have

en() = (971" (n()) V() () — n()) + (97" (n())(V(z) = Vn(z)).

With the previous calculus and with the assumptions of the Theorem 1, we
have

Sup |e, ()| < Op(n~U70P)/210) 4 Qp(n~(mor)/2rete)

TESX
< OP< (1— ozp)/2+oz+6)

And, thanks to the condition a < (1 —26)(p + 2), we obtain the result. That
finishes the proof.

5.2 Parametric versus nonparametric in classification setting

In this subsection, we give an example for which GSIM leads to results that are
significantly better than those obtained with the Ridge procedure. We consider
the following binary regression model: n(X;) = #(67X;), 3 = (1, -1)"/v/2 and

fi(u) = 5(7(exp(—(V2u + 1)) + exp(—(ﬂu —1)?)=5.5).  (13)

The predictor variables are such that X" ~ N(0.5:1) and X? ~ N(0;1).
The components of X; are independent. We run 100 replicates of the obser-
vation sequence of sizes n = 60, 150, 300 and 600 with learning sets of size
respectively equal to ny, = 40, 100, 250 and 500. As n is relatively large
compared to the number of covariables, A stands only to stabilize numerical
computations and is set equal to 10~*. Table 7 gives the different bandwidth
values for the GSIM steps A and B. These values were obtained by minimizing
the misclassification rate computed over the test set of one sample. Figure 7
shows a typical sample for the model (13) with n = 300. In particular, the
points are nonlinearly separable and the parametric approach would poorly
perform with respect to a nonparametric approach. That is confirmed by sim-
ulation results listed in Table 8. In particular we can notice that even if the
sample size grows, the misclassification rate does not decrease, as expected.
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Table 7
Simulation results. Bandwidth values for the GSIM steps A and B.

nr 40 100 250 500

ha 2 1.7 1.5 1.4
hg 0.09 0.02 0.01 0.0085
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Fig. 7. Sample of size n = 300 for the model (13)
Table 8

Simulation results. Mean and standard-deviation (in parentheses) of the mis-
classification rates.

n 60 150 300 600
Ridge 0.371 (0.124) 0.282 (0.090) 0.303 (0.047) 0.334 (0.042)
GSIM-np 0.252 (0.110) 0.198 (0.095) 0.136 (0.049) 0.097 (0.040)
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