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Abstract: the problem of density estimation on R from an independent sample X7, ...Xy with
common density f is concerned. The behavior of the minimax L,-risk, 1 < p < 00, is studied when
f belongs to a Holder class of regularity s on the real line. The lower bound for the minimax risk is
provided. We show that the linear estimator is not efficient in this setting and construct a wavelet
adaptive estimator which attains (up to a logarithmic factor in V) the lower bounds involved. We
show that the minimax risk depends on the parameter p when p < 2 + %
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1 Introduction

We consider the problem of estimating unknown density function f which is as follows: let X1, ..., Xn
be a vector of independent realizations of a random variable X with the cumulative function F
which possesses a density f(-) with respect to the Lebesgue measure on the real line. Our objective
is to recover the unknown density function f : R — R™T given the observation sample X1, ..., Xy.

This is a basic problem and it has been extensively studied in the literature on nonparametric
estimation (for an overview of various methods and approaches, see, for instance (Devroye 1987),
(Silverman 1986)). When constructing an estimation algorithm, it is generally supposed that
the estimated density f possesses certain regularity properties. In other words, f belongs to some
functional class F. This a priori knowledge allows to design an estimator fy (a measurable function
of observations) of f. However, its statistical properties can only be studied asymptotically (when
the sample size N tends to 0o). Then in order to derive the properties of the proposed estimator
for finite N a uniform over F asymptotics is needed. This explains the common use of the so-called
minimax approach.

In this setup the risk

p(fn. ) = E¢llfn — fl,

is associated with an estimator fy, where || - || is a functional norm or a semi-norm. Then the
minimax estimate f3; is the minimizer (over the set of all estimations) of the maximal on the class



F risk

R(fn,F) = ;ggp(fw,f)-

Thus in the minimax framework f3; is the optimal estimator with the accuracy Ry (F) = R(fx, F).
Ry (F) is also referred to the minimaz risk. The principal question in the minimax framework is
how to design a minimax estimator and what is the value of the minimax risk Ry (F).

We consider the following estimation problem:

Suppose that the density f(z), f: R — R™ belongs to a Holder class F = F(s, L),
i.e. the derivative f*) of f, k = max{i € N|i < s} exists and

®) (z) — f®)
et [ flloo < L, where [, = sup /2@ = /U]
ay |z —yl®

Our objective is to estimate f given independent observations X1, ..., Xy with common
density f.

The results obtained can be summarized as follows: consider the minimax risk

RY(F(s, L)) =inf swp Eylfiv — [y

feF(s,L)

(here the infimum is taken over all estimates fy of f), 1 < p < co. We show that there exist
“universal” constants ¢ and C which only depend on the regularity parameter s and p such that
for 1 < p < oo the minimax risk

cp(N) < RP(F(s,L)) < C(InN)’ (N), (1)

where

p—1 s(p—1)
S

LpF0¢ o630 §f 1<p<2+1

p—1 s
Lrsi0¢ 0 if 241 < p < oo,
p(t) = { ’

with § =0 for 1 <p <2and 0 =0(s,p) >0 for 2 < p < co. Further, when p = oo,
N (c0) N
ol —— | <R F L) <Cpl|l——].
¢ <lnN) S Ry (Fls D) < C (lnN)

This result can be compared with the minimax rates for linear estimators. In the latter case we
consider the minimax risk

1
Ry (f(SaL))—f%é?T]{lg?(EfH v - fI)”

where the minimum is taken over the class of linear estimators f](\?. Then we obtain
l7
cp(N) < Ry (F(s,L)) < Cp(N)

where
s(1-%)
e sye il
p(t) =4 LeeFng 209 f 2 < p < oo,
o(t) if 1<p<a2.
Note that the linear estimator is minimax for 1 < p < 2. When 2 < p < 00, the rate of the linear

estimator is much worse than that of a general nonlinear estimator.
These results deserve some comments.



e From the large literature on minimax density estimation it is known that As far as the
estimation of a density on [0,1] is concerned (cf. (Ibragimov & Khas'minskij 1981)), the
minimax risk RY (F (s, L)) satisfies

RY)(F(s,1)) = LN for 15p< o0,

and Rgf;o) (F(s,L)) =< Lz (%) **1 Except for p = oo, this rate of convergence do not
depend on p. On the other hand, let the regularity class F be that of densities of “spatially
inhomogeneous smoothness” , for instance, F be a Besov class F(s,p’, ¢, L) with small p’ (see,
e.g., (Donoho et al. 1996) for details). In this case the rate of convergence starts to deteriorate
when p becomes larger than (2s + 1)p’ and depends heavily on p.

When the estimated density is supported on R, the known results are as follows: in the paper
(Bretagnolle & Huber 1979) the behavior of the maximal risk

RP)(fx, F) = sup E¢| fx — fllp
feF

was studied for a family of density classes F = G(s,p,L),2 < p < oo, of finite “jauge”.
_P
Le., a density f € G(s,p,L) if its “jauge” ps,(f) = Hf(5)||§s“\|f||g is bounded with L.

It is shown that the kernel estimator fy possesses the maximal risk of order N ~H on
f € G(s,p,L). Note that the exponent p should be the same in the definition of the risk

and of the functional class. In the paper (Ibragimov & Khas'minskij 1980), minimax rates

of convergence for Sobolev classes on R, F = F(s,p,L), 2 < p < co and the risk R%) were

established. It was shown that in that setup the maximal risk Rg\]?) (F) < N~ @0 . When

p = oo an extra logarithmic factor appears in the minimax risk: Rg\c;o) (F) < (thN) @t
Then in (Golubev 1992) the exact asymptotics of the minimax risk was provided in that
setup when p = 2.

On the other hand, the behavior of the risk RE\P(}“ ) is quite peculiar when F is the Sobolev
class F = F(s,1,L). it has been shown in (Devroye & Gyoerfi 1985) that in this case

RE\}) (F) < C, ie. one cannot construct an estimator such that RE\}) (F) = 0as N — o

in this setup. Finally, in the paper (Donoho et al. 1996) the behavior of the risk RE\I,’) (F),
1 < p < o0, is studied for a family of Besov functional classes F = F(s,p’,q, L) (here p’ and
p can be different). The result of that paper which is relevant to our study can be stated

as follows: when 2 < p’ < p, the minimax rates of convergence RE\Z;) (F(s,p',q,L)) for the
density estimation on R are the same (up to a constant) as the minimax rates for the Besov
class F(s,p’,q, L) on [0,1]. However, the problem of minimax density estimation on R when
p < p/ remains open: minimax rates of convergence and minimax estimators are unknown in
this case.

e We observe in (1) that the minimax risk Rg\z;) (F) on a Hoélder class F = F(s,L) on R is
cardinally different when compared to that for F(s, L) on a compact. When p > 2 + %, the

minimax risk RE\I;) (F) is of the same order as in the equivalent estimation problem on [0, 1].

However, the behavior of the minimax risk changes dramatically when p becomes smaller
than the critical value 2+ % In this zone the minimax risk depends heavily on p. To the best
of our knowledge, the phenomenon, observed in the current paper, is new.



e The lower and the upper bound differ by a logarithmic factor. We suppose that the extra
logarithm of N in the upper bound is due to the specific estimator we use. Note that in the
case p = oo, the extra logarithm appears also in the lower bound, and in this case the upper
and the lower bound coincide (up to a constant).

In fact, a rather interesting question can be asked: why convergent nonparametric estimators of a
density on a real line exist at all? Note that we want to estimate a function on an infinite domain
given only a finite number of observations. Then why the expected Lj-error, 1 < p < oo would
be small in this situation? The general (and sloppy) answer to this question is rather simple: the
function we estimate is a probability density. Therefore, the function f not only belongs to a
“regularity class” F, it also satisfies the conditions f(x) > 0 and [g f(z)dz =1,ie. f € FNDB(1),
where Bj(1) is an Lj-ball of radius 1. This condition provides an additional constraint when
maximizing the risk R®, p > 1 over F. Indeed, for a “reasonable” estimator fy the Lj-norm
||fn]l1 should be finite. Note that this also provides an intuitive “explanation” of the negative
result by Devroye and Gyorfi for the RV risk: this extra constraint is of no value when the error
is measured in the Li-norm. In this light the answer to the following question is of interest in the
minimax estimation setup:

(?) Let f be aregular signalon S, f: S — F, ie. f isinsome “classical” regularity
class F(-,S) on S. Moreover, let f satisfy an extra constraint f € I3, where B is a set in
a functional space. What are general assumptions on B which ensure that the unknown
function f can be estimated from noisy observations with the worst-case risk which is
“better in order than the minimax risk on F”?

The rest of the paper is organized as follows. The lower bound for the minimax risk in (1) is given
in Section 2. Then in Section 3 we study the properties of linear estimators and in Section 4 we
construct a wavelet adaptive estimator fn of f which provides the upper bound in (1). The proofs
of the results are collected in Sections 5.1 and 5.5.

2 Lower bound for density estimation

Our objective here is to establish the lower bound for the minimax risk on the Hélder class F(s, L).

Theorem 1 There is a positive constant c¢o = co(s,p) such that for any estimate fN of f, the

mazimal risk RP)(fx, F(s, L)) satisfies

) coLFFT N | for 1<p<2+13;
RW(fy,F(s, L)) > (2)

_p=1 __s
coLPGFO N~ z+1,  for 2+%<p<oo.

Moreover, when p = co we have

; 1 /InN\ =
R(OO)(fN,f(s,L)) > COL(SL) (I}V) Tor 1 ' (3)



Our next objective is to provide an upper bound for the risk Ry (F). We start with a linear
density estimator.

3 Linear estimation

Let us recall some basic properties of a biorthogonal wavelet basis.

3.1 Biorthogonal wavelet basis

Let the tuple (6,1, ¢, 1) be such that {¢(z—k), ¥(2x—k),j >0,k € Z} and {$p(x—k), »(2x—Fk),
j >0, k € Z} constitute a biorthogonal pair of bases of La(R). Some most popular examples of
such bases are given in (Daubechies 1992). We require the reconstruction wavelet 1/; and gzNS to be
CM+1 for some M € N, (gi),?j),(;;, 1/;) to have compact support and the analysis wavelet 1 to be
orthogonal to polynomials of degree < M.

This implies that any function f € Ly(R) can be represented as

F@) = andr(@) + D Bitin(),
k

720 Kk

where

o= [ F@on()ds, B = [ F@)oda.

For technical reasons in the wavelet estimator below we use a specific choice of the biorthogonal
basis (¢, 1, ¢, 1), designed in (Donoho 1994). This is the basis generated with the function ¢(x) =

1_1.,.1 and following (Donoho 1994) we call it blocky biorthogonal basis. The functions v ,¢ and
TSP
1) are compactly supported. We denote d;;, (or d;) the support set of ¥;(z) (respectively, ¢p(z)):

| 1 1
Sip={reR: —%§2jfc—k<%}, b={reR:—s<z—k<}

for some m € N, m > 1.
The feature of this particular basis which is intensively used in the proofs of the of Theorem 4
below is that there exists v > 0 such that the analysis wavelet 1 (x) satisfy

|W(x)| >v for —m/2 <z <m/2, (4)

ie. |¢(x)| > v on the support of 1.

3.2 Estimation algorithm

Let fN be a simple wavelet estimator of f, suggested in (Donoho et al. 1996). Consider the following
estimation algorithm:



Algorithm 1
1. Let jp satisfy

LN+ < 200 < 9L N1 for 1 <p<2

1 1
1 P —— . 1 P —
LT N> 9+ < 9j0 < 2L N>0-9) for 2 < p < .

2. Compute empirical wavelet coefficients

1 & 1
Yjok = = 2 0ik(Xi) = =D Lo—iope x,<2-7o (ki 1)
N =1 N =1

and for the estimator
I (@) =" Yiorbjor ().
k

Theorem 2 Let F(s,L), s < M + 1 be a Hélder class. The linear wavelet estimator fN above

satisfies for N large enough:

SupEfoN - fH;I; < p?(sap7N7L)7
feF

where

s(1-1/p)

—1
C(s,p)LPﬁ“)N_ (s+1) for 1<p<2

N, L) =
pi(s,p, N, L) )

—1
C(s,p)Lpg)S“)N_25<1—1/P>+1 for 2<p<oo.

Comments: we observe that the estimator fN, delivered by Algorithm 1, is minimax for 1 < p <
2. Note that the class F(s, L), which is in fact an intersection F(s, L) N{f, | f|l1 < 1} is contained

in the ball of radius cLlf% of the Besov space Bf,f;?). Therefore, the upper bound of Theorem 2 is
a simple consequence of the result in (Donoho et al. 1996) for linear wavelet estimators. However,
for 2 < p < oo the rate of convergence of such an estimator is much worse than that suggested by
the lower bound of Theorem 1. It is important to note that this is not a property of a particular

wavelet estimator, but of the whole class of linear estimators f}\l,) (x) such that
#(0) 7 L ¢
Vi) = [T pifay) = 3 37 X) (5)
i=1

(we call the estimator linear if it is a linear functional of the empirical cdf F ~). We have the
following lower bound for any estimator of that kind:



Theorem 3 Letp > 2. There is ¢ = ¢(s,p) such that for N large enough and any linear estimator
f1 it holds

l
sup  Ef|FY — fIIE > cpf(s,p, N, L).
feF(s,L)

4 Adaptive wavelet estimator

We start with the description of the wavelet adaptive estimator.

4.1 Estimation algorithm

Let (¢, 1, d;, 1[)) be a blocky biorthogonal wavelet basis as above. We suppose that 1 is orthogonal
to polynomials of degree < M.
Consider the following algorithm:

Algorithm 2

1. Take positive parameters p,x and A (cf. the proof of Theorem 4 for the admissible

values). Set my =pln N and compute j; > 0 such that

) N .
271 < SW < o+l (6)

2. For 0 < j <j; compute empirical wavelet coefficients

+ SN (X)), if #0 >my, 2 2N (X)), if  #0p > my,
Yjk = 2k =
0, if #5jk: < my. 0, if  #op < my,

(here #6 = Z?Ll lix,es) is the ‘‘cardinality’’ of the set ¢). Next, for j and

k such that #0d;, > my, compute empirical estimates 832‘143 of the variance of yi:

1 N
Gl = N*Z Xi) = yi),



3. Shrink wavelet coefficients:
Bik = Uik 0157, (7)
where
ik = AVInNGjy.
4. Compute the estimate

J ~
ZZ ikik(T) + sz%k
k

J=0

The properties of the estimator fN, delivered by the above algorithm, are summarized in the
following result:

Theorem 4 Let FM) = {F(s,L),0<s < M+1,0< L < oo} be a family of Holder classes. The
parameters p, k and A of the algorithm can be chosen so that for any class F(s,L) € FM) there

exist constants C' = C(s,p) such that for N large enough

sup Efllfx — fllp CQ Lz=mmN
fEF(s,L)

Comments: Wavelet shrinkage estimator described above is tightly related to that of (Donoho
et al. 1996). When the problem of adaptive estimation on the Besov classes on [0, 1] is concerned,
the proposed estimator attains the same performance as that in the latter paper.

When compared to the estimator in the latter paper data-dependent thresholds are implemented
in Algorithm 1. The idea of data-driven thresholds for wavelet estimators is not new and has
been used, for instance, in (Birgé & Massart 2000), (Donoho & Johnstone 1995) and (Juditsky
1997), among many others. However, it is implemented differently in Algorithm 1, where the
thresholds are computed individually for each wavelet coefficient. In other words, in order to take
the decision to keep or to cut the empirical coefficient y;;, it is compared to the estimate o of its
standard deviation. A closely related idea of adaptive window selection for kernel estimator has
been implemented in (Juditsky & Nazin 2001) for regression estimation on R and in (Butucea 2000)
for adaptive density estimation at a point.



Note that another implementation of the same idea is provided with the celebrated \/f-estimator
of a density (cf. (Anscombe 1948), (Nussbaum 1996)), when the empirical wavelet coefficients are
“normalized” to stabilize the value of ojy.

One can observe that the estimator fN is adaptive. Indeed, note that the parameters of the
estimation algorithm do not depend on a particular functional class F(s, L), but the maximal over
F(s, L) risk of fy coincides up to a logarithmic factor with the lower bound in (2) of Theorem 1.
The extra logarithm factor is the price often paid in adaptation (cf. (Lepskij 1992), (Goldenshluger
& Nemirovski 1997)). However, we think that in our case (L,-risks and Holder function classes)
this extra factor is due to the particular construction of the estimator. Note that when the density
estimation problem on [0, 1] is concerned, one can get rid of the extra logarithm (cf., for instance,
(Juditsky 1997)). Nevertheless, for a moment, we do not know an estimator of f which attains the
lower bound in (2).

5 Proofs

In the proofs below C, C" and C” stand for positive constants which values can only depend on s,
p and the wavelet parameters.

5.1 Proof of Theorem 1

The lower bound for the minimax risk R®)(fy, F(s, L)) when p > 2 + 1 can be easily obtained
using the construction of Theorem 5.1 in (Ibragimov & Khas'minskij 1981). Our objective here is
to show the bound in (2) in the case 1 <p <2+ 1.

To this end we consider the following construction. Let the density fo € F(s,L/2) satisfy
folx) = cl(s)LsiJlrlN_sfsrl for0 <z < L™ w1 N+, Now, let v = (LN)_ﬁ and vy, =|(k — 1), k7]
for k=1,...,N; and ¥ be a regular function such that

11 11

—5ogh Mol =1, Yo(=2) = bo(a), Va €[5, 7]

dola) =0, Var ¢ | 3

Consider the set Zx of 2V binary vectors & = (£1,...,6N), & € {—1,1}, k = 1,..., N. For each
vector &, we define the function f& in the following way:

FOw) = fola) + éswkm, v = (2= (k- 3)0).

where ¥ (x) = a(s)Ly*1o(xz/v), where a = a(s) is a positive constant small enough to ensure that
¥ belongs to F(s,L/4) and that

(z)| < e (s) LN,

Note that [ f((z)dx = 1, so such a function is well a density. On the other hand, due to the
definition of 1, the function f& — fy belongs to F(s, L/2). This implies immediately f&) € F(s, L).
Let now pg(&,€') be the Hamming distance between two vectors of =y, namely

pu(&, &) =t{k:1 <k <N,& # &}



There exist (see (Korostelev & Tsybakov 1993): Lemma 2.7.4 p. 79) M = [2V/8] vectors &!,..., M
such that pg(&7,€F) > N/16,1 < j < k < M. We denote by Fys the set of functions f(gl), el f(gM).
Note that the ||-||,-distance between two distinct functions f and g of Fyy is at least C(p) N/P|[¢)]|,.
The problem of proving the lower bound over F(s, L) can be reduced to the one over Fyy, that is

sup  Ef|fv = fllp = sup Efllfy — fllp-
fE]‘—(S,L) feFnm

We associate with a method M related to any estimator fy an other method M’ for distinguishing
between the M hypotheses, k-th of the them stating that the observations X7, ..., Xy are drawn
from the k-th element of the set Fjs. This method M’ is as follows: given observatlons use an
estimator fN to find the closest in L,-norm to fN element in Fj; (any one of them in the non-
uniqueness case) and claim that this is the density which underlies the the observations.

Assume that the true hypothesis is associated with f € Fj;. Note that if the method M’ fails
to recognize the true density, this implies that that fN is at least at the same L,-distance from f
as from other g € Fps. In other words,

1w = Fllp 2 g = fllp/2 = C'(DNP|[4]p-

On the other hand, the Fano inequality states that the probability of the wrong choice among M

hypotheses is no less than
NmaXf,gG]—'M K(f’g) +1n2

In M ’
where K (f,g) is the Kullback distance between f and g (cf. (Birgé 1983)). Otherwise,

1—

sup Ef|fn — fll, > C

fe€FMm

N max K(f,g)+In2
( In M

].‘
A )Nl/puwup- (8)

We have the following lemma.

Lemma 1 There is o > 0 such that

—_

N j k
©) gy < 1
max ; ~ .
In M f(f]) f<§k)€}'M (f f ) 2

Proof: Recall that the Kullback distance between f and g is defined by

)= [f@mi s

Then for f(fj), f(fk) € Fur, we have

j k N x Jaby (2
N
=17
S (& - h(a)
< 3, [+ due) 5

N
Il
—_

10



TaEa
lTam o
< o4l
1— 10 c1(s)
Further, note that - = 2. Thus a positive a can be found such that the quantity
In M In2

N 1+ claﬁ a 1
InM1-%5a s) 2
|
Hence, from (8) and Lemma 1 we conclude that
~ l/p p—1 75(1971)
sup Byl f — fllp > NPl > col 0 N HER
FE€FM
|

5.2 Translation into the sequence space

In what follows we will use some properties of blocky biorthogonal multi-resolution analysis {¢(x —
k), v(2z — k), j >0, k€ Z} and {¢(x — k), ¥(27z — k), j > 0, k € Z}, described in Section 3.1.

Let f € Lo(R). If {ow, Bjk, j > 0, k € Z} the wavelet coefficients of f. Then for 0 < p, ¢ < o0,
]% — 1< s < M + 1, the quantity

Jj20 k

1/q
I fllspg = llexllp + (ZZqu(s+1/2—1/p)||gj_||g>

is equivalent to the norm || f|[s of the Besov space By, (cf. (Donoho 1994), (Delyon & Juditsky
1997)).

When using classical injection theorems (see, for instance, (Triebel 1992)), we conclude that
there are C; which may only depend on s, p such that

(i) [Ifllh <1 implies that [lefy < Cy and sup 27972185/l < C1; (9)
j>
(ii) for anyf € F(s,L), [alloc +sup 2|6, |l < CoL; (10)
j=>0
(1_1
(i) (£l < Cs [llally + > 2772118, - (11)
Jj=0
On the other hand, when p > 2,

1

. 1 2_1) g
(i) [ fllp > Ca |llallp+ D276 IIﬁj-llﬁl ~ (12)

Jj=20

11



The inequality (11) implies, in particular, that

1

: » ) 1p
(Z |2 — akrp> +> 26 (Z Bt — ﬂmrp) ] (13)
k k

320

Ifv = fll,<C

5.3 Proof of Theorem 2

We consider here the case p < 2. The result for p > 2 follows from Theorem 1 of (Donoho
et al. 1996).
We have the following bound for the error of the estimation:

NG

oo
2572 gy — gl + 3 2
J=Jo

HJ?N_f”p < C

~9||8;. — @-Hp]

11 O 11
= O ||y — gl + C Y 2By
J=Jo
— 6 4+ (14)
The bound for the second term is immediate:
~ 1
2 11 _ p
5y < oY 2ty <Hﬁj-||€o > |5jk|>
J=jo k
o
< Z 21'(%_%)Ll—1/p2—j(8+1/2)(1—1/P)2j/2p < O [ 1—1/po—jos(1=1/p) (15)
J=Jjo
Let us now bound the first summand. To this end we decompose
Elyjor = ajokl” = Elyjor — jorl”(1p, >1/n + 1p, o<1/n)- (16)

Note next that
E‘yjok - aj0k|p1pj0k<1/N < C <E|yjok - ajk’|p1pj0k<1/N1ijk:0 + E|yjok - ajok’|p1pj0k<1/N1yj0k¢0)
2\P/2 1-p/2
< ClajorP Ly, 18 + (E|yjok: — ok ) P(yjor # 0)177/ Ly, k<1/N-

Recall that y;, = 0 iff there are no observations on the support of ¢; ;. The latter probability can
be easily bounded for pj; small:

and

IA

) /2
270y, \?
¢ ( J]\gfm> (PN ) 7P/

- CQJ’op/2ijkap+1.

p/2 _
(E|yjok - Oéjok\z) P(yjor # 0) P21, <N

Further, for p;o, < 1/N
lajorl? < 2jop/2p§k < Qjop/ijOkaerl.

12



On the other hand,

Elyjor — tjor|"1p; y>1/n < ( N ) Ly, w>1/n < 207 2p NP

When substituting these results into (14) and then into the definition of (55\}), we obtain

b A Jjo(p—1)
E((;](;))p < 020051 Z Qjop/ijOkN—p-I—l < 02

k <Ccto (17)

In order to get the required bound it suffices now to substitute the value of jy into the bounds (15)
and (17) for 5](3) and E(5J(\}))p. |

5.4 Proof of Theorem 3

In order to prove the lower bound we implement the following idea due to A. Nemirovski (cf.
(Nemirovsky 1986)): we construct a family of densities G C F and a probability measure P on G.
Then we substitute the original problem with the equivalent parameter one: that of estimating the
vector of wavelet coefficients (8;;) of f € G by those of the linear estimator f](\f), i.e.

N
B = [ IV @ae)de = 33 [T, Xouwsle)ds. (18)
i=1

We use the Cramer-Rao inequality to show that the Bayesian risk of any estimator of that type on
the family (G, P) is bounded from below.
Let j satisfy

1 1 . 1 1
LS+ N2sO=1/p)+1 < ) < 2 s+1 N 2s(0=1/p)+T1 (19)

We consider the density vy € F(s, %) such that vo(z) = C1(5)277°L for 0 < x < 275/L. Let now
up be a density in F(s, %) such that up(x) = C’g(s)Lsflrl for0 <z < L™+ and is a polynomial of
degree [s] when z < 0 and = > L™+, Let I* = [N2<5*18/P>+1}. We set for 1 =0,...,0* — 1

1 1
a(@) = 5 (vo(@) + uo(e — LT71)). (20)
One can easily verify that g, € F{(s, %) Let 1 be a random variable such that P(n = [) = ll*
for I =0,...,0" — 1. We set m = 2J<2+1) . Now consider a random vector £ = (&1, ...,&,,) with

independent components such that P(§, = 1) = P(§ = —1) = 1/2 for k = 1,...,m. For each
realization of (n, &) we define the function

FU (@) = gy(@) + > &Bj,
k=1

where the coeflicient

B = Cs(s)L277(s+1/2) (21)
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is chosen to ensure that f(") € F(s, L) along with the condition

f(né)(x) > %Qn(x)-

We consider the family G of functions f() with the associated probability P = P, ® P: on G. We
denote E¢ (resp. E,) the expectation over the distribution of the vector £ (resp. n) and E the
expectation associated with P.

Let now

be a linear estimator of f € G and

N 1 XN
B = 2o [ T X))

the corresponding “estimate” of the wavelet coefficient 33, = &8 for k =1,...,m.

Lemma 2 Let ﬁjk be an estimator of B, k =1,...,m as above. Then
E¢|Bik — BiklP > C|\ju|P NP/ (;gsri gn(fv)> +|EBjk — Bjrl”,
J

where 6, is the support of 11, and

_ OBB

i = g = [ TG e (v)drdy.

Proof: Let f(z) = f (1€ (z) be a function in G. The Cramer-Rao inequality, applied to any estimate
Bjk gives

(aEf@kf

~ Bk ~

Ey (B = Bi)? 2~ + (EyB = ),
ik

where I, is the Fisher information of the density f with respect to the parameter (3;:

I]k:/(%fﬁ(fk)>2dx

f(x)
Let us compute a bound for I;;. Note that

ofz) _ 0 . m I
Bk ('Mjk(g”( H;;ﬁjk%k( ) = Yjr(x),

14



and

= [P e < (min 7)< 2(0min 00 (0))

$E5]'k CCEéjk
where 6, is the support of %ij;- Further,

OB Bk af (x)
OBk 0Bk

= /%’k(x)T(iﬂ,y) dxdy = /@bjk(x)T(x?y)J}jk(y)dxdy = Ajk-

Finally,

p/2
Ey|Bji — BinlP = (Ey(Bjx — Bjr)*)P/* > (C\AﬂcPN_l xfg;ft 9n($)) + BBk — Bjkl?-
J

|
Lemma 3 E&’Efgjk - ,Bjk’p > ﬁp’Ajk - Hp.
Proof: First note that if
fif (@) = gyla) + " &Bdu(x) + Bjk(a),
1#k
fr (@) = gy(2) + > &Bvu(x) — Bjk(a),
I#k
then
EpiBi— Ep B = [ Tayba@f ) - fi ()ldody
= 20 [ T@.)sul@)du(w)dady = 287
As for p > 1, |z|P + |y|P > 2'7P|z — y|P, when averaging over the distribution of & we obtain
. 1 . .
E£k|Ef5jk - 5jk|p - 9 [’Ef,jﬁjk - ﬂ’p + ’Ef,;ﬂjk + ﬁ’p}
> 2_p|EfI:'Bjk — B - Efk—Bjk = BIP = BNk — 1P
Thus [EBjx — Bikl? > 5PNk — 1P, N

Let us now bound from below the risk of the estimate f](\l,) on the family G. Recall (cf. (12))
that for p > 2,

I£11 = 328 = 276G 8,01
i=0
for any j > 0. When using Lemmas 2 and 3,

EE|fY — foOI2 > G IEE S By — Bl > C2EVEE; S By — Bl
k k=1

Y

m p/2
C'oi(5-1) Z (|>\jk\pN—p/2En (min gn(x)> + 8P|\ — 1|p) - (22)

=1 $€5jk

15



Note that by definition of the family G (cf. (20)),

P2 e
E >
n{mingn(a) ) 2 C—5—,

and

p/2 p(s+1/2)
pr/zE77 min g, (z) Lz(s+1)N m-1/p+1 > P

CI?E(SJ]C
since, by definition of 3 (cf. (21)) and j,

s+1/2

B=CL2~ J(s+1/2) < C’L2<S+1)N TS (I=1/p)F

Thus we get from (22):

BEFY - 0 > 02D Y (AP + h = 1) = CPE D,
k=1

When substituting the latter inequality the bound for 2/ from (19), one finally obtains

ps(1—1/p)

EE|fY — f00 P > CLT I N IO

Since
l ! !
sup  Ef|IFN) = flll = sup Ef | FY) — fO9 5 = BE;|IFY) — F™O,
fEF(s,L) feg
this implies the desired bound. |

5.5 Proof of Theorem 4
We start with some technical results. Let d;, be the support bin of 4, and d;, that of ¢,. We put

Pk = /M f(z)dz, p = /5k f(z)dx
1
e = Bg = (BWh(X) - B),

where §x = yjr — Eyjr = yjx — ﬁjk-
Note that

B = [ @@ < Il [ e < L7,

and

BVR(X) = [ vh@f@de < ol | de =210 op

By the Kolmogorov inequality, as f € F(s, L), || fllco < Ls}rl, and we conclude from these bounds
that

1 . .
0%, < E%k(Xl) — min(L5, 27 (|12 pjx)- (23)

16



We also denote
Yik = )\VIDNO‘jk.
Note that o2 ik and ;5 are the deterministic counterparts of the empirical values & aj . and Y, ie.

N -1 " N -1
N 0%, and B = N — T

EO'Jk. =

Since m is the diameter of the support bin d;;, the wavelets v} ,; and 1);,,;» have disjoint supports.
Thus

Zp]k—zzp]mz-‘rl <Z/f (24)

=1 1

This relation will be often used in the sequel.

Lemma 4 There is p < oo such that for any j, k and any N large enough

myn

P (#0j, >mpy) < pjkN_Q, if Pik < o oN (25)
_ ) 2m
P(#6j, <my) < pipN"2 if pjx > TNy (26)

where my = pln N.

Proof: The inequalities (25) and (26) are simple bounds on the tails of the binomial distribution,
and can be obtained when using the inequalities in (Shorack & Wellner 1986). |

Lemma 5 Let p > 1. We have for any 0 < j < j1 and k:

1) fOT’ any p > max(lvuo(sa[’ad)vﬁ'))}

Pl > i S) < N 1)

2) There is p = p(1) such that if pj, > &5 n then

2v%pj _
< Zw]k ijk(Xl) 83> SpjkN 2 (28)
3) Moreover, if %LNN <pjr < % then
21%pip
[y (29)

17



and for any A > Ao = Ao(¢0) and vji = AWVInNojy,

Pl > 15) < pjuN 2. (30)

Proof: We use the Bernstein inequality:

In N 2
P&kl > m| =) < 2exp | - -
N 20j2k+%\\1/f]]1\ef\\oou /%
InN
< 2exp (-t (by (23))
2L + 2[4 oc/ i
In N
< 2exp | — inl (when p > 1)
Amax (LT, 3[[¢]lcov/)

©

1
4max(LSFT 1|y
< 2N max( zll Hoo\/E)7

what finishes the proof of 1).
Next note that

E(X0) = [Uh@)f@de < Wl [ f@de < 22 )ip.

jk

Then by the Bernstein inequality:

1 AN
P||— 2(Xi) — By(X1)| > < 2 -
(‘szlek( ) wjk( 1) C> exp< 2Ew;lk(X1) n gCHw?kHoo>

< 92 N
< exp | —— - .
25+ ||| pjk + 3c27 |[¥]|2,

. 272p; .
When choosing ¢ = %, we obtain

212y 22i—6,4p2 N
p( >8p) < 2exp <_ D

22|yl pik + 522202 pil|01%
On the other hand, we have a simple bound for 3;;:

| N
~ > R(Xi) — EvR(X1)
i1

vipi N
< 2exp <— I < 2exp(—CpjiN).
27 wlld + Fr2vllL

85¢] < Wbyl | F(a)de = 2720 ocpip

ik

Recall that the absolute value of of the blocky analysis wavelet ¢(z) and ¢(x) is bounded from
below on its support. The relation in (4) along with the definition of ¢ imply that

BUA(X) = [ (@) f@)de 2 20 and B}(X) = [ 6h(a)f(a)de = .

18



Then if pj;, <

2[[Y o -
2v%pji,

1
ol > N(WV pie — 27 |9112.05) > N

Now the bound in (30) follows from the Bernstein inequality:

AInNo; A 1nNo?
P <|€]k| > W) < 2exp | — T L
4 16(20%, + § = AVIn Nojz,)

< 2exp |- M 1n Npj?/2 )
L6[[46112 (2D + $Ay/ =RE%)

B 1/2pjk)\21nN )
64112, (pji + /25N

21\2 2 U2
< 2exp | — V;\ lan 3 < 2exp (—W) — 9N 64l
6ADIE (1 + 525) 64]0Z,

A

< 2exp

When using Lemma 5 we obtain the following proposition.

Proposition 1 There exists p < oo such that

N then,

1)

R 2i+1lp. In N _
P (’ij > Ml jV) <N 1)

2) Moreover, if p;LNN < pjr < then for N large enough

R
2[[¥0%,

IN

1 _
P([Ajx — vjk| > %k) 2pje N2 (32)

- )
Pl = 25) < 2pN~ (33)

Proof: When using simple bounds

~ 1 &
53 < ﬁzw‘?k(){
=1

and Ei/)j (X1) < 27|92 pjK, we obtain
- 20t ps In N . [0]12,27  pji
P (’ij > M9 ]JV) = P (szk > Tj Z%k ) > [[9]12.27 p;
N
= ( Z%k E%k(Xl) > [[v[|%, 231%)

19



However, for p large enough and p;, > 2 IJI\I,N , the latter probability is bounded by p;, N ~1 due to

(28).
Let us show 2). Let define the following set

2 1 a 2 2
Ajk = N ijk(Xz) - ijk(Xl)
i=1

1 2
Bjr = Aj,NAj

< Najzk
— 4 )

Then from (30), (Ajlk) > 1 — pjrN72, and the bound in (28) with 02 > e ;A],%, implies that

P(A?k) > 1 —pjprN72. So that P(Bjg) > 1 — 2p;xN~2. On the other hand we have

Vjk
ik — 8% < €55l 2185x + [€]) < =27 (2lﬁgk!+ ) on Ajy.

| o _
Furthermore, |G| < 2/2pjul|t]loc and oy > 27120 /BE by (20). Thus |8je] < oyullolloc 2,

v

and
8 /20N
Y5k — B3] < M 1+ [¥oo /25 on Al
16 vAVIn N !
Then on Bjy,
~ 185 = o5l _ 2 2 _ g2
Gk — ojkl < o Na]k Z%k — By (X)| + ‘yjk - 53'1@‘
=
< Ojk " O’jk)\2 In N 14 8”#)”00\/2]%%]\7 < Ojk
- 4 16 N vAvIn N - 2

for N large enough. This establishes the inequality (32). Moreover,

{1&0] > ”J’“} C {lgal > 2y U 3 < )
2

and the bound (33) is an immediate consequence of Lemma 5. |

Lemma 6 Let Ejk be defined as in (7). Then there is C < oo and any p > 0

—~ In N
Bk — Bjk| < C (\fﬂc\ +Mﬁ) + 1Bkl Y (34)

and

+1BlP15, o (35)

Sk

Bir — BirlP < C [1€xP1 ~  + min(|B;x], v)?
|| > 1Lk

jk1> 3
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Proof: We have by virtue of Lemma 2 of (Delyon & Juditsky 1996):

1B — BilP < \3§jk\1l o + min(| B, Vﬂc) (36)

jk'

This implies, in particular, that

N In N
v — Bl <3¢ — 1. |1 .
Bt = Biel < 18l +3/20\| e i + Bl

On the other hand, we have from (36):

|Bjk — Bikl" < !3§jk\p1| Eikl> ?- + min(] 3], W) 15 < T 0P
J
< 0l s, +mn | s
J
|
We return now to the proof of Theorem 4.
5.6 Proof of the theorem
Note that that from (13) we have the following bound for the estimation error:
(-1
1fn = fllp < 22] 0|15 = Billp + |12 — aullp = v (37)

7=0

Our objective here is to use the relations (9) and (11) to bound rx. To this end we decompose
ry as follows:

v <03 PEINB+ PN - Byl + 1z - el
j*j1+1 =0

1

= Z 23184l

Jj=ji+1

1/p
l l -~
+Z2j 2r (Z ’ﬁ]k - 5jk‘p1#5jk<m]v)
k

-

1/p
+ Z PGy (Z |Bjk — 5jk|p1#6jk2mzv>
i=0 k
1/p 1/p
+ (Z |2 — ak|p1#5k<mN> + (Z |21 — ak|p]‘#5k2mN>

k k

(1_1
Z 2018,

Jj=n+1

IN
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J1 11 Yr o 1_1
+ZQJ(2 3) (Z ij‘pl#éjk<mN1pjk>2m]\/\’> +223(2 v) Z|ﬁjk|p1#5'
20 & =0 k

1 2m
k>

1/p
(1_1 3
+22J 27 %) (Z Bjk _6jk|p1#5jk>m1v1pjk<n;11\/v>
K

1/p
11
+22J(2 P (Z ’ﬁ]k — ﬂjk‘ 1#5 k>mN1p k>7;1]\7\,>
=0

k

1/p
+ (Z |2k, — Oék|p1#5k<mzv>

k

1/p 1/p
i (Z 2 - ak|p1#5k2mN 1Pk§7;1]\’v> " (Z 2 = ak|p1#6k2m1\’ 1Pk>7;1]vv>

k k

(5)

The principal term in the above expansion is ry’. Our objective at first is to provide the bounds
for the rest of the terms in the sum. Note that the bounds below are valid when N is large enough:

s(1-1
Lemma 7 rg\p < CL]_—]_/p <%) ( /p).

Proof: Indeed, the relation (10) implies that ||5;.]|cc < L279(+3) . Moreover, from (9) we
conclude that for some C' < oo,

27977 3|y < C.
Now
1 l l
A= > 2Dy,
Jj= J1+1
l,l
< Z 2273 ;. || IIBJ H1
Jj=j+1
T 1_1 1y
< cor'7r Y 2mR)a gy
j=j1+l
< CLl_* Z 9 —Jjs 1_*)<CL1_* _]15(1_%).
Jj=i+1

Lemma 8 Er(2) < %

Proof: Note that for any p > 1, ||8;.]|, < ||8;./l1. Thus

ErY < Zzﬂ(i‘ 'E <Z 18k |1ts.
7=0

Lotz )

22

1/p
N)
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Due to the inequality (26) of Lemma 4 we get the bound:

E?“](\?) < 22](5_7)Z‘ﬁ]k|P #5]k<m]v)1 o> 2

Jj=0 N
< C’Z2’ v maxP(#ék <ma)l, ey (as 279/2||8,|l; < O)
N\*»_ ., C
< — << —.
= C<lnN> N7=x

s(l—%)

-1 s(1-3)
Lemma 9 Erf]’) < CL+r (%) s+

Proof: We split the sum r](\?,’) into two parts: when 0 < j < jo we use the bound |Bj;] <

2j/2“¢||oopjk- When j > jo we bound |5jx|e with C L2 3(s+1/2) (cf. (11)). Then
1/p
@ P o |
1/p L 1/p
Czozj(ii) (%:2Jp/2p§k1pjkézw> e Z 2|16, ¥ (%:WM)

J Jo+1

m\»—t
'UM—‘

Erg\?,’) < Z 2]

IN

% *2—j(5+%)(1_%)2%

m\»—x

IN

! J(1=1) Jp/2 2my P! A v J(
CZQ 22 ) Pk +C Z 2

J=jo+1
1-1
< lzjo(li) (Q’ZN) "y L1;2j03(1;)] (by (24)).
Finally, when when choosing jy such that

1 1
N \ s+1 N \ s+1 1
— LT < 200 <2 L5
(lnN) < <lnN> ’

we obtain the statement of the lemma. [

1-3 20-3)
Lemma 10 Er%) < CL= (%) s
Proof: We first remark that |ng — ﬁjk’ < |£jk| + |5jk| and
By = Bl < 276l + 1B3?)

Thus

”d\'—'

1/p 1/p
l l
<Zk: Iﬁjklpl#éijleij’;fy) + CZQJ . (Zk: Iﬁjk!”lpjk<gyvv) - (39)

(1
T’N <C’ZQ]5
7=0

23



We have already obtained a bound for the second term in the right-hand side of (39) in Lemma 9:

5(17%)

()

1/p
ZQJQ—?) (Z Wﬂc|p1p] <mN> < CL e

7=0

Recall that by (23)

2pji
Bl = Jk<||¢||2 =

We can estimate the first term in the right-hand side of (39) as follows:

1

1/p .
EZQJ > ) (Z ‘gjk‘ 1#5 k>mN7ka:< > < 22] 2 ZE (lgjkll#éjksz’pjk<%)
k

7=0

J1
< ZQJ( Z E|¢;] 1/2P1/2 (#djk > mn) 1pjk<%1¥
j=0 k
Ji (1 1) p1£2
-1 1/2
S CZ2J P ; 5\7 P / (#6]14: Z mN) 1pjk<T;7]]vV
i -2 N\ 1
< CYy 22V N <CN™ .
< oy S <0 (fyy) <
1-1
Lemma 11 7"5\?) <C (MTN) P and r%) < CN~1L.
Proof: The proof is analogous to that of Lemmas 8 and 9. [ |

Lemma 12 Er](?) < C'max(NV/P=1 N—1/2),
Proof: When p > 2,

1/p
By = E (Z syl 2mN>
L N
1/2 1/2
E (Z |2k — ak12> < (Z z;é) <CN7'2

k k

IN

When 1 < p < 2 we use the bound

1/p
[zk: Elex - ak|p1pk>2’7vN]

Erg\é)

IN

IN
i
g\

=
2|F
N———
=
~
no
s
>
Y

N

3

=

A\
Q
z
I
3
= vl
hSAC
IA
Q
z
|



We finally come to the principal term of the error decomposition (38):

1/p
5 (1-1 =
( ) ZQJ 27 p (Z W]k - ﬁjkp1#5jk>mN1pjk>7;1]VV> ’
k

We split it again:

TS) = Z 27

m\»-
”db—'

1/p
S 1Bk — BiklP1us, 1 _my |1 o +1
( k | " ]k| R [ pjkg%\wi%o p]k>2\ldf\|2 ])

IN

1 1 1/p
27(z73) —
Z : (Zr@k Binl? ,,k>2w“2>

1/p
i(3—3) 3. 3.|P
+Zz 2% <§k: Bt = Bipl L, ) . (40)

To bound the second term in the right-hand side of (40) we use the inequality (35) of Lemma 6,

2
2(1%,

1Bjk — BixlP < C [ﬁjk!pll | 5+ min( Bl ve)”

ikl> =3~

+ |6jk|p1/’;jk>%7jk’

to obtain

g1 1/p
B < Y26 <Z|ﬁ]k_ﬁ]k| 1 s )
=0 2l

B =

1 1
+C 297G p ; pl ~ 1m Y
Z <zk: |€]k| ] ’Y]k 2]1\\]7 Sp]’kgfldjgo

jk|>

P

(1-1) .
+CZQJ 27 p (%:mln(ijL’ij)plekZ%)

i) %
_|_Z2 2 /| Z|ﬁjk|1?jk>%7jkl%gpjkgi2
= k 2|l 115
4
-y v
=1

We start with a bound on 5](\}).

Lemma 13 6( J <o lnN
Proof: First remark that as p;r < C| f|ls277 for some C' < oo which depends only on the wavelet

1, the inequality p;, > ﬁ implies that

yi < Cll flloo < C,HfH kuoo < (42)
Pjk
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Moreover, for evident reasons, there is C' (which only depends on the wavelet ) such that for any
2

J, 2k Pjk < C and the number of bins such that pj; > ﬁ cannot exceed C' = % at each

level j. Now let j' be the maximal j which satisfies (42). Then for 0 < j < j’ and any k,

E¢?k<X1> l9jk]12,
N N _N

Elg]* <

Due to the bound (31) of Proposition 1, we have for some p < oo

In N _
Pk > =) SN

When using the estimation (34) of Lemma 6 we obtain:

!

(-1
5](\}) < 2]2 P ZE‘ﬂjk_ ]k‘ w2
=0 2nw||2

J In N In N
< C B|E; P i 1
- Jzﬂ:lzk;( ‘gjk’—’—u\/ N 1P | A > 1 N p3k>2uwn2

[In N In N
S /N—1/2+Iu DT_FN_l) S C// HT
[ |
Lemma 14 6](3) < CN-1L.
Proof: We have the bound:

s < CJZIQJ(%‘%)ZE |§~k|1 ~ Ly .
N 20 RTINS RS TS

< oY 267 N (B2 )1/2pl/2 %’“ 1

= Z P Z §j ) (’f ’> ) mN<p]k T 32

k —2||y
o p1/2
< 0’22]5 ») Z J’“ PRINTL by (33)
2
< C”2 1/ <CB®N
[ |

Lemma 15 6](\?) < CN-1L.
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Proof: Using the result 2) of Proposition 1 we get

Lemma 16 61(3)

s <

IN

IN

IN

<C L25+1

CZQJ

LD (

LD (

k

C’ Z 2j(1*%)pjkN72

J=0

C'"N~L

InN
N
1 nN \ 2s+1
N
InN
N

) max P(Hji >

J1 1 3
0229(2 P Z|ﬁ]k’|P( Yik > 2'7]16)1

3
’ij)l

by (32)

1

for p>2+ <
_ 1

for p=2+<,

1
Jor p<2+

Proof: Consider the case 2 < p < co. Let j' and j” satisfy

1
L.s+1

L5+l

N \ =5
<
<1nN> -

N \ =1
<lnN)

IN

2J

!

n

-1 1 N s+1
91" < oL [
< <lnN) ’

Since min(|Gj|, vjr) < \@-H‘W;;q for any 0 < ¢ <1, we have

5

<

IN

IN

i
3 9i(3=3) <Z %)
=0 %

el

JJ+1

1 1
+C Z 2/(27p) I
J=j"+1

'l/

+sz%%

(Z |BjlP~? 'k)zl)

Jj=j'+1
1\ b2 )
In N Ls+1 In N27pj.
N N

Bz 18510)

7’ _
c’ Z 2](*—;) /MLWL)QMD
Jj=0 N

Jj=j'+1

o § P (1515 PIES mye )’

Z 2133 (£2790+1) >2j/p<h;VN)

27

< 2L (1

N \ 2s+1
)

—pfk—zuw’

2 2y —pﬂk—m\wu?

1

1

Ji 1
+ Z 2.7(5_;)

j=i"+1

(Z B |P ! lﬁjk!)
k

hSA



J=3"+1
i [InN 1_, IIIN ; 28+1 1_, _ 1—1
< ¢ 2% | 2 et 4 97 L 7"s(1=3)
> N + Z P + p
j=j'+1
When p > %, the second term of the above decomposition can be estimated as follows:
Z 2 I 5 < I H)
J=3'+1
and when 2 < p < 25“
j”
Z 277 J(s— 2$+1) < 02_3 "(s—2 +1)

When substituting the values for 27" and 27" we obtain in these two cases

_p—1_ In N\ 271 In N\ 551
s® < ot () () .
N SCL? N A

If p=2s+ 1, an extra logarithmic factor appears in the sum
> 2N~ <o,

and

5( ) <C’]nNL p (h}é\f) <C,1HNLﬁ (11}\?\7)25“

Finally, when substituting the results of Lemmas 7-16 into (38) we obtain the statement of the
theorem.
The proof in the case 1 < p < 2 is analogous to that of the case 1 < p < 2 of Theorem 2. [
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