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Abstract Many social animals live in stable groups, and it has been argued that
kinship plays a major role in their group formation process. In this study we present
the mathematical analysis of a recent model which uses kinship as a main factor to
explain observed group patterns in a finite sample of individuals. We describe the aver-
age number of groups and the probability distribution of group sizes predicted by this
model. Our method is based on the study of recursive equations underlying these quan-
tities. We obtain asymptotic equivalents for probability distributions and moments as
the sample size increases, and we exhibit power-law behaviours. Computer simula-
tions are also utilized to measure the extent to which the asymptotic approximation
can be applied with confidence.

Keywords Animal group patterns · Genealogical models · Distributional recursions ·
Power-law distributions
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1 Introduction

The problem of predicting animal group sizes is one of the most stimulating in
theoretical biology because the tendency to aggregate is under strong evolutionary
control (Gueron and Levin 1995; Rubenstein 1978). In order to gain insight into
the grouping patterns of animals, several models have been proposed. These models
encompass fusion and fission processes (Gueron and Levin 1995; Takayasu 1989), kin

E. Durand (B) · O. François
TIMB Group of Mathematical Biology, TIMC UMR 5525, Fac. Méd.,
Grenoble Universités, 38706 La Tronche Cedex, France
e-mail: eric.durand@imag.fr

123



E. Durand, O. François

selection (Yokoyama and Felsenstein 1978; Hamilton 2000) and game-theoretic
models (Giraldeau and Caraco 1993). In fission-fusion models, animal groups are
randomly moving units which aggregate or split with given probabilities. Although
very simple, fission-fusion models are flexible enough to capture some aspects of
group patterns in social animals, such as power-law distributions (Bonabeau et al.
1999). Kin selection was proposed by Hamilton (1964) in order to explain the evo-
lution of altruistic behaviour. This theory postulates that a gene favorising altruistic
behaviour in an individual is likely to be carried by its relatives, and then individuals
who live in groups of parents benefit from an increased fitness (Dawkins 1989). In kin
selection models, genetic relatedness plays a key role in determining the animal group
structure. In game-theoretic models, the group patterns evolve by putting into balance
cooperation and competition (Hamilton 2000). Game-theoretic models sometimes use
genetic relatedness as one of their parameters in order to predict animal group patterns
(Giraldeau and Caraco 1993).

In a recent study, we introduced a new model which incorporates genetic related-
ness as the main factor explaining group patterns in social mammals (Durand et al.
2007). The model is based on a random genealogy that summarizes the ancestral rela-
tionships among the n individuals represented in the sample. Given the genealogy and
assuming the simplest form of the model, a group pattern can be deduced by aggre-
gating each individual to its closest relatives in the sample. In Durand et al. (2007),
the latent genealogy assumed a coalescent tree model (Kingman 1982), and the result-
ing aggregation process was termed the neutral model. In fact, a random clustering
process having the same group distribution as the neutral model can be defined in the
following way. Start with the n individuals, and choose two of them at random. Then
merge the two chosen individuals into one unit that replaces these two individuals.
Repeat this process with the n − 1, n − 2, . . ., entities progressively formed by adding
units to the remaining original individuals. Stop the process when all the individuals
are put into units. The Nn random units resulting from this process define the group
structure of the sample. Examples of group patterns for n = 12 and 15 individuals are
shown in Figs. 1a and 2b. In Fig. 1a, the individuals sort into the 4 groups {3, 5, 9},
{1, 4}, {10, 11} and {2, 6, 7, 8, 12}.

Assuming the same model as in Durand et al. (2007), we present a mathematical
analysis of the expected number of groups and the distribution of group sizes in a sam-
ple of n individuals. In Sect. 2, we recall the description of the model in mathematical
terms, and we provide recursive defintions for the quantities of interest. In Sect. 3 we
describe our main results, and we present a short data analysis. Section 4 contains the
proofs of our results.

2 Distributional recursions

Assuming a sample of n individuals, we shall describe a model with extra-cluster-
ing, extending the neutral model presented in the introduction. In the extra-clus-
tering model, larger groups can be formed by randomly aggregating two units at
each step of the construction process. The extra-clustering events occur at rate p.
This model encompasses the neutral model which corresponds to the particular case
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Fig. 1 Construction of group patterns illustrated. a n = 12 individuals are aggregated into four groups
represented by ellipses. The tree reflects the group structure obtained for the n = 12 individuals. b Iterative
construction—step 1. After four initial coalescent events, 4 provisional units are formed. c Iterative con-
struction—step 2. We observe the clustering of an extra individual to a previously formed unit at the left
and the aggregation of two units at the right. d The process is continued until all individuals are clustered
to form the same groups as in a

Fig. 2 Recursive computations of Nn for n = 15. The letters at the tips stand for the group labels. a Neutral
model: the sample has 4 groups denoted a–d. b Extra clustering: Two extra-clustering events occur and are
symbolized by circles. The sample has 3 groups denoted a–c

p = 0. A formal description of the partition of the n individuals into groups is given
hereafter.

The definition of the extra-clustering model is strongly connected with the neutral
coalescent (Kingman 1982; Tavaré 2004; Hein et al. 2005), which models the geneal-
ogy as a random binary tree. A property of coalescent tree topologies is that the size
of the left sister clade at the root of the tree, Ln , has a uniform distribution over the
set {1, . . . , n − 1} (see Kingman 1982)

Prob(Ln = �) = 1

n − 1
, � = 1, . . . , n − 1. (2.1)
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Because this property also holds within each subtree, one can assume a recursive def-
inition of the tree topology through the uniform split distribution replicated at each
internal node (Aldous 1996; Blum and François 2005a). The extra-clustering model
describes a partition of the n individuals, Pn , in the following way. Let us denote
Rn = n − Ln and In = min(Ln, Rn). We have Pn = all n elements if In = 1.
Otherwise, we have

Pn =
{

all n elements with probability p
PLn ∪ P∗

Rn
with probability 1 − p ,

(2.2)

where P∗
. and P. are two independent copies of P., and are also independent from

(Ln, Rn) (this assumption is true for all other quantities in the remainder of this sec-
tion). The recursion is initialized with the values P1 = { a one-element subset } and
P2 = { a two-elements subset } and Ln (and thus Rn) has a uniform distribution over
the set {1, . . . , n − 1}.

The number of groups, Nn , can be recursively defined as follows. Let us denote
In = min(Ln, Rn). We have Nn = 1 if In = 1. Otherwise, we have

Nn =
{

1 with probability p
NLn + N∗

Rn
with probability 1 − p ,

(2.3)

where N∗
. and N. are two independent copies of N.. The recursion is initialized with

the values N1 = N2 = 1, and Ln (and thus Rn) has a uniform distribution over the set
{1, . . . , n − 1}. Equation (2.3) does not only provide a definition of Nn , but also an
efficient way to simulate this random variable for arbitrary sample sizes. The recursive
computation of Nn is illustrated in Fig. 2. In this figure, the value of the number of
groups is propagated from the tips to the root of the tree.

Our second quantity of interest is the number of groups of size k, N (k)
n , for 2 ≤

k ≤ n. The collection of all N (k)
n forms the group pattern, or size spectrum, and we

obviously have

Nn =
n∑

k=2

N (k)
n .

In Fig. 2a, the size spectrum is (0, 2, 1, 1, 0, . . .), whereas in Fig. 2b, it is equal to
(0, 0, 1, 1, 1, 0, . . .). For each k, the variable N (k)

n satisfies the following set of recur-
sive equations. We have N (k)

n = δ(n, k) if In = 1 where δ(n, k) is the Kronecker
symbol. Otherwise, we have

N (k)
n =

{
δ(n, k) with probability p

N (k)
Ln

+ N (k)
Rn

with probability 1 − p,
(2.4)

where N (k)
Ln

and N (k)
Rn

denote two independent copies of the same process. The recur-

sion starts for n ≥ k. In addition, we have N (k)
k+1 = 0 for all k ≥ 2. For k > 2, N (k)

k is

a Bernoulli random variable of parameter p + 2(1 − p)/(k − 1). Finally, N (2)
2 = 1.
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Our third quantity of interest is the size, Sn , of the group which contains the left-
most individual in the hidden tree. We call this size-biased group a typical group
because the individuals are exchangeable. The recursion for Sn is as follows. We have
Sn = n if In = 1. If In > 1, we have

Sn =
{

n with probability p
SLn with probability 1 − p ,

(2.5)

and S2 = S3 = 2. In Fig. 2, we have S12 = 4.
The connection between random trees and recursive structures have also been

exploited many times in theoretical computer science (Knuth 1973). For example,
this connection is the basis for the analysis of divide-and-conquer algorithms such as
the quicksort algorithm (Rosler 1991; Hwang and Neininger 2002). Regarding coa-
lescent trees, the connection has been used to derive the distribution of minimal clade
sizes and other statistical measures of tree shape (Blum and François 2005a,b).

Note that other tree models share the same topology: the Yule tree (Yule 1924; Har-
ding 1971), and the critical branching process (Popovic 2005; François and Mioland
2007). The results presented afterwards are also valid for these topologies.

3 Results

In this section, we present our results for the main quantities of interest: the number of
groups, the group size spectrum and the size of a typical group. The results describe
the limiting behaviours of these quantities when the sample size n grows to infinity.
Our first result deals with the expected number of groups.

Theorem 3.1 Let 0 ≤ p < 1. Denote q = 1 − p. Let Nn be defined as in Eq. (2.3),
and en = E[Nn]. The expected number of groups en satisfies the following properties.
For p < 1/2, we have

en ∼ c(p)n1−2p, n → ∞,

where

c(p) = e−2q

(1 − 2p)�(2q)

(
1 + 2q2 J (p)

)
, (3.1)

and

J (p) =
1∫

0

(1 − y)1−2p y2e2qydy.

When p = 1/2, we have

en ∼ log(n)

2
, n → ∞.
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Fig. 3 Plot of c(p) for p = 0 to p = 0.5 obtained from numerical integration. The exact value for p = 0
is (1 − e−2)/4

For p > 1/2, we have

en ∼ p

2p − 1
, n → ∞.

Remark 1 In particular, Theorem 3.1 states that for p = 0, which corresponds to the
neutral model, we have

en ∼ 1 − e−2

4
n,

when n grows to infinity. In a sample of size n = 100, one expects approximatively
N100 ≈ 21 − 22 groups under the neutral model.

Figure 3 shows the values of the term c(p), obtained from the numerical integration
of Eq. (3.1). The curve starts from c(0) ≈ 0.21 and grows to infinity as p converges
to 0.5.

Remark 2 We investigated the accuracy of the asymptotic equivalent of the expected
number of groups for a sample size of n = 100 individuals. The average number of
groups was computed numerically using the recursive equation given in Lemma 4.7
of Sect. 4. As shown in Fig. 4, the approximation of en is accurate for values of the
clustering rate lower than ≈ 0.3 or greater than ≈ 0.7. The double phase transition
at p = 0.5 may be responsible for the very high values of the relative error when
p approaches 0.5. In contrast the value computed for p = 0.5 leads to a very good
approximation.

Next, we present results for the group size spectrum, i.e. the collection of all (N (k)
n ),

2 ≤ k ≤ n, where N (k)
n denote the number of groups of size k in a sample of n indi-

viduals.

123



Probabilistic analysis of a genealogical model of animal group patterns

Fig. 4 Relative error when approximating the expected number of groups by its asymptotic equivalent for
a sample size of n = 100 individuals

Theorem 3.2 Let 0 ≤ p < 1. Denote q = 1 − p. Let N (k)
n be defined as in Eq. (2.4),

and e(k)
n = E[N (k)

n ]. For 2 ≤ k ≤ n − 2, the expected number of groups of size k
satisfies

e(k)
n ∼ d(k, p)(n − k)1−2p, n → ∞, (3.2)

where

d(k, p) = 2qe−2q(2 + (k − 3)p)

(k − 1)�(2q)
J (k, p),

and

J (k, p) =
1∫

0

yk(1 − y)1−2pe2qydy.

Remark Consider fn(k, p) the frequency spectrum of group size, defined as

fn(k, p) = ke(k)
n

n
, 2 ≤ k ≤ n.

The fn(k, p)’s represent the frequency of groups of size k in a sample of size n. It can
be computed numerically from Eq. (4.8) in Sect. 4.

Finally, we turn to our last statistic defined as the size of the clade which contains
the left-most tip of the underlying tree, Sn .

Below, we provide a result describing the probability distribution of Sn .
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Theorem 3.3 Let 0 ≤ p < 1. Denote q = 1 − p. Let Sn be defined as in Eq. (2.5)
and pn(x) = Prob(Sn = x), 2 ≤ x ≤ n. For x > 2 we have

pn(x) ∼ (p(x − 3) + 2)qe−q

(x − 1)�(q)
Ip(x)n−p, n → ∞, (3.3)

where

Ip(x) =
1∫

0

yx eqy(1 − y)−pdy.

For x = 2 we have

pn(2) ∼ qe−q

�(q)
Ip(2)n−p, n → ∞. (3.4)

Remark 1 In the neutral model (p = 0), Theorem 3.3 shows that for large values of
n, the distribution of the size of a typical group is defined by

pn(2) ∼ e − 2

e
, n → ∞, (3.5)

and

pn(x) ∼ (−1)x+12x !e−1 − e(x)

x − 1
, x ≥ 3, n → ∞, (3.6)

where we denote

e(x) =
x∑

k=2

(−1)k

k! .

When x grows to infinity it is not difficult to see that the right-hand side in formula (3.6)
is equivalent to a power-law distribution of exponent 2

pn(x) ∼ 2

(x − 1)(x + 1)
, x → ∞. (3.7)

Remark 2 We studied the quality of the approximation of the probability distribution
of Sn for a sample of n = 100 individuals. In Fig. 5, the fit is almost perfect for
a clustering rate of p = 0.25. For p = 0 the fit is almost perfect for small groups
(x ≤ 15). However, for larger values of x , the asymptotic approximation provides less
accurate results.

Our last result concerns the expected values of the size of a typical group.
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Fig. 5 Exact probability distribution of the size of a typical group for n = 100 and a p = 0 and b p = 0.25
(black bars) and its equivalent for large n as stated in Eq. 3.3 (linked points). We can see that for n = 100
the fit with the power-law distributed asymptotic is almost perfect as the asymptotic and the real distribution
are roughly identicals

Theorem 3.4 Let Sn be defined as in Eq. (2.5) and sn = E[Sn]. Under the neutral
model (p = 0), the expected size of a typical group satisfies

sn ∼ 2 log(n), n → ∞. (3.8)

Under the extra-clustering model (0 < p < 1), we have

sn ∼ 2p

1 + p
n, n → ∞. (3.9)

Remark 1 Interestingly, the mean size of a typical group undergoes a phase transition
at p = 0. It means that the neutral model (p = 0) has small components, with a
typical group size growing like log n. In contrast, when p > 0, the model allows large
extra-communities, and the typical group size is of the same order as the number of
individuals.

Remark 2 We studied the numerical approximation of the expected size sn . The
expected group size was computed numerically thanks to Lemma 4.4. Approximating
the average typical group size by its limit value for n = 100 leads to good results for
p ≥ 0.3, but it leads to important errors for small values of p (Fig. 6). This may be
due to the phase transition observed at p = 0.

Finally, we focus on the higher moments of the size of a typical group.

Proposition 3.1 Let Sn be defined as in Eq. (2.5) and assume that p = 0. Let us
denote s(k)

n = E[Sk
n ] the moment of order k of Sn. For k > 1, we have

s(k)
n ∼ 2k

k − 1
nk−1, n → ∞. (3.10)

In particular, for k = 2, we obtain V ar [Sn] ∼ 4n.
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Fig. 6 Relative error when approximating the expected size of a typical group by its asymptotic equivalent
for a sample size of n = 100 individuals

Data analysis To illustrate our results, we present a short data analysis using data
collected by Archie et al. (2006) for wild African elephants. This data set was also
briefly described in Durand et al. (2007). Archie et al. observed n = 304 African
elephants (Loxondonta africana) living in 45 groups of related individuals. The size
spectrum (N (k)

304), 2 ≤ k ≤ 304, is given by

(N k
304)2≤k≤304 = (4, 5, 5, 9, 4, 4, 1, 1, 4, 2, 3, 0, 0, 1, 1, 0, 1, 0, 0, . . .).

In Durand et al. (2007), we tested the agreement of the elephant group
pattern with the neutral model using the likelihood-ratio statistic Prob(Nn|p = 0)/

Prob(Nn| p̂). We were not able to reject the neutral model with this test at a significance
level of 5% (p-value = 0.063). A test based on the full group size spectrum is more
powerful than a test based on the Nn statistic. We performed a log-log linear regression
of the elephant group size spectrum on group sizes. The estimated coefficient of the
linear regression was α = 0.83 (p-value = 0.005). We computed the coefficient of the
log-log linear regression for the frequency spectrum under the neutral model (p = 0)
for n = 304 using Eq. (2.4) and we found α0 = 1.68. We checked that the 2.5% and
97.5% quantiles of the distribution of estimated exponents were equal to ql = 1.01
and qu = 1.90 under the neutral model. The estimated value α = 0.83 did not fall
between those quantiles, which leads us to reject the neutral model for the elephant
group pattern.

The fact that the above coefficient was higher under the neutral model than the
coefficient estimated for the elephant group size distribution suggests that the extra-
clustering model may better explain the data. In fact, using the maximum-likelihood
estimate of the clustering rate (Durand et al. 2007), we found that the elephant group
size distribution was best explained by the extra-clustering model with p = 0.08.
The log-log coefficient was equal to α = 0.88 under the extra-clustering model with
p = 0.08 and n = 304, which is much closer to the estimate based on the elephant
data (α = 0.83).

123



Probabilistic analysis of a genealogical model of animal group patterns

4 Proofs

In this section we provide detailed proofs for the results stated in Sect. 3. First, we
present a general strategy for the resolution of a particular recursive equation, based
on a theorem by Darboux (Theorem 4.12 in Sedgewick and Flajolet (1996)). All the
proofs are based on this method.

4.1 General method

Let fn denote a sequence of real values, and suppose that fn satisfies the following
equation

(n + 1) fn = n fn−1 + a fn−2 + b, (4.1)

with a and b being real numbers, a > 0 and a 	= 1. The first terms f0 and f1 can take
arbitrary values. One can easily check that −b/(a − 1) is a fixed point of Eq. (4.1).
We then introduce the auxiliary sequence vn = fn + b/(a − 1) which satisfies the
following equation

(n + 1)vn = nvn−1 + avn−2, n ≥ 2. (4.2)

Now we denote h(x) = ∑∞
k=2 vk xk the ordinary generating function of the sequence

(vn) and we denote r its radius of convergence. We can check that h(x) satisfies the
following ordinary differential equation

(1 − x − ax2)y = (x2 − x)y′ + (2v1 + av0)x2 + av1x3. (4.3)

The unique solution of Eq. (4.3) with initial condition y(0) = 0 is given by

ĥ(x) = e−ax

x(1 − x)a

x∫
0

(2v1 + av0 + av1 y)y2(1 − y)a−1eaydy, x ≥ 0. (4.4)

The problem to determine the asymptotic behaviour of ĥ(x) can be solved by using
the following result.

Theorem 4.1 [Darboux (see Sedgewick and Flajolet 1996)] Let g(z) be a power series
with a radius of convergence strictly greater than 1. Suppose that g(1) 	= 0. Then for
any real number a /∈ {0,−1,−2, . . .}, we have

[zn] g(z)

(1 − z)a
∼ g(1)

(
n + a − 1

n

)
, n → ∞, (4.5)

where (m
n ) denotes the binomial coefficient. [zn] g(z)

(1−z)a denotes the nth coefficient

of the power series g(z)
(1−z)a .
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In our general strategy, we apply Theorem 4.1 to the function g(x) = ĥ(x)(1−x)a .
First, we show that for a > 0, g(x) satifies the hypotheses of Theorem 4.1. Let us
denote W (x) = ∫ x

0 (2v1 + av0 + av1 y)y2(1 − y)a−1eaydy. We integrate W (x) by
parts, and we find that

W (x) = −
(
(4v1 + 2av0)x + (5av1 + a2v0)x2 + a2v1x3

)
(1 − x)a eax

a

+ 1

a

x∫
0

eay(1 − y)a((4v1 + 2av0)y + (5av1 + a2v0)y2 + a2v1 y3)dy

Because we have a > 0, eay(1 − y)a((4v1 + 2av0)y + (5av1 + a2v0)y2 + a2v1 y3)

can be written as a power series with a radius of convergence equal to infinity. Let us
denote δn its coefficients for n ≥ 0. We have

W (x) = −
(
(4v1 + 2av0)x + (5av1 + a2v0)x2 + a2v1x3

)
(1 − x)a eax

a

+1

a

x∫
0

∞∑
n=0

δn yndy

= −
(
(4v1 + 2av0)x + (5av1 + a2v0)x2 + a2v1x3

)
(1 − x)a eax

a

+1

a

∞∑
n=0

δn

n + 1
xn+1.

Because g(x) = e−ax

x W (x), we have

g(x) =
(
(4v1 + 2av0)+(5av1+a2v0)x + a2v1x2

)
(1 − x)a

a
+ e−ax

a

∞∑
n=0

δn

n + 1
xn .

Thus we can conclude that g(x) is a power series with a radius of convergence equal
to infinity for a > 0. Then, we can check that g(1) 	= 0, because at least one δn is
different from 0. We can conclude that g(x) satisfies the hypotheses of theorem (4.1).
Finally, remark that, because g(z)

(1−z)α = ĥ(z), we have

vn = [
zn] g(z)

(1 − z)α
.

We can then conclude that

vn ∼ e−a

1∫
0

(2v1 + av0 + av1 y)(1 − y)a−1 y2eaydy
na−1

�(a)
, n → ∞. (4.6)
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To obtain fn , we need to discuss four cases depending on the value of a, v0 and v1.
If vn ∼ b/(a − 1), we cannot give conclusions regarding the asymptotic equivalent
of fn because fn = vn − b/(a − 1), but this case never happens in our equations. If
vn ∼ c, c being constant and not equal to b

a−1 , we have

fn ∼ c − b

a − 1
, n → ∞.

If vn grows to infinity when n grows to infinity, we have fn ∼ vn and we can use
Eq. (4.6). If vn tends to 0 when n grows to infinity, we have fn ∼ b/(1 − a).

4.2 Number of groups

In this section we prove Theorem 3.1.

Lemma 4.1 Let n ≥ 2. Let 0 ≤ p < 1 and Nn be defined as in Eq. (2.3). The expected
number of groups en satisfies the following equation

(n + 1)en+2 = nen+1 + 2(1 − p)en + p, (4.7)

with initial values e2 = e3 = 1.

Proof We obtain Lemma 4.1 from Eq. 2.3 by applying the law of total probability,
remembering the fact that Ln is uniformly distributed over the set {1, . . . , n − 1}. �
Proof of Theorem 3.1 Equation (4.7) is of the same form as Eq. (4.1). We can apply
the method described in Sect. 4.1 for p 	= 0.5 and p < 1. Let vn = en+2 − p/(2p−1).
Equation (4.6) tells us that

vn ∼ e−a

1∫
0

(2v1 + av0 + av1 y)(1 − y)a−1 y2eaydy
na−1

�(a)
, n → ∞,

with v0 = 1− p/(2p −1) and v1 = 1− p/(2p −1) and a = 2(1− p). Then, we need
to discuss to cases. If p < 0.5, then vn grows to infinity when n grows to infinity, and
we have

en ∼ vn, n → ∞.

If p > 0.5, then vn → 0 when n grows to infinity, and we have en ∼ p/(2p − 1). In
both cases we recover the result stated in Theorem 3.1.

Finally, if p = 0.5, let un = en+1 − en for n ≥ 2. By re-arranging equation (4.7)
we can check that nun+1 = 1/2 − un which leads to un ∼ 1/(2n) when n grows to
infinity. It is then obvious that en ∼ log(n)/2. �
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4.3 Group size spectrum

Here we prove Theorem 3.2.

Lemma 4.2 Let n ≥ 4. Let 0 ≤ p < 1. Let q = 1 − p. For 2 ≤ k ≤ n − 2, let N (k)
n

be defined as in Eq. (2.4) and e(k)
n = E[N (k)

n ]. We have

e(k)
n = n − 2

n − 1
e(k)

n−1 + 2q

n − 1
e(k)

n−2, (4.8)

with initial values e(k)
k = (2 + (k − 3)p)/(k − 1) and e(k)

k+1 = 0.

Proof We obtain Lemma 4.2 from Eq. (2.4) by applying the law of total probability,
remembering the fact that Ln is uniformly distributed over the set {1, . . . , n − 1}. �

Proof of Theorem 3.2 We introduce kn = e(k)
n+k which satisfies the following equation

(n + k − 1)kn = (n + k − 2)kn−1 + 2(1 − p)kn−2, n ≥ 4, (4.9)

which is similar to Eq. (4.2). We can then apply the methodology described in Sect. 4.1
to the sequence (kn). The generating function hk(x) of kn satisfies the following dif-
ferential equation

(k − 1−(k − 1)x−2(1 − p)x2)y =(x2 − x)y′+2(1− p)
2+(k − 3)p

k − 1
x2. (4.10)

The solution of this equation is given by

hk(x) = x1−k(x − 1)2−2pe−2(1−p)x

k − 1

×
x∫

0

2(p − 1)yk(y − 1)1−2p(2 + (k − 3)p)e2(1−p)ydy, x ≥ 0.

We can conclude the proof by applying Theorem 4.1 with a = 2(1 − p) which leads
to the result stated in Theorem 3.2. �

4.4 Size of a typical group

This section deals with the results concerning the size of a typical group, Sn . First,
we prove Theorem 3.3 on the probability distribution of the size of a typical group.
We let pn(x) = P(Sn = x) denote the probability distribution of the size of a typical
group, 2 ≤ x ≤ n.
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Lemma 4.3 Let n ≥ 2. Let 0 ≤ p < 1. Let 2 ≤ x ≤ n − 1. Let Sn be defined as in
Eq. (2.5) and pn(x) = Prob(Sn = x). The probability pn(x) satisfies the following
equation

npn+1(x) = (n − 1)pn(x) + (1 − p)pn−1(x). (4.11)

Proof We obtain Lemma 4.3 from Eq. (2.5) by applying the law of total probability,
remembering the fact that Ln is uniformly distributed over the set {1, . . . , n − 1}. �

Proof of Theorem 3.3 For a given x ∈ [2, n − 1], Eq. (4.11) has the same form as
Eq. (4.1). Thus we can apply the method described in Sect. 4.1. We need to distin-
guish two cases for x because the initial values of pn depend on it. If x = 2, the
initial values of the sequence pn are p2 = 1 and p3 = 0. We apply the result stated
in Eq. (4.6) and we find the expected result as stated in Theorem 3.3. If x > 2, the
initial values of pn(x) are px = 2(1 − p)/(x − 1) + p and px+1 = 0. Denoting
fn = pn+x (x) we have f0 = 2(1 − p)/(x − 1) + p and f1 = 0. fn satisfies the
following recursive equation

(n + x − 1) fn = (n + x − 2) fn−1 + (1 − p) fn−2, x ≥ 2. (4.12)

The end of the proof of Theorem 3.3 follows the same lines as the proof of Theorem 3.2.
�

Now we prove Theorem 3.4 on the expected size of a typical group, sn = E[Sn].

Lemma 4.4 Let n ≥ 2. Let 0 ≤ p < 1. Let Sn be defined as in Eq. (2.5) and
sn = E[Sn]. The expected size of a typical group satisfies the following recursive
equation

sn+1 =
(

1 − 1

n

)
sn + 1 − p

n
sn−1 + 2p + 2q

n
, (4.13)

with initial values s2 = s3 = 1.

Proof We obtain Lemma 4.4 from Eq. (2.5) by applying the law of total probability,
remembering the fact that Ln is uniformly distributed over the set {1, . . . , n − 1}. �

Proof of Theorem 3.3 In the case p = 0, we introduce the sequence dn = sn+1 − sn ,
which satisfies the following recursive equation

dn = −1

n
dn−1 + 2

n
, n ≥ 3, (4.14)

with d2 = 0. It is then obvious that dn ∼ 2
n when n grows to infinity. Then, by sum-

ming over all values of n, we find that sn ∼ 2 log(n). In the case p > 0, we denote
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an = 2pn/(1 + p) and we let wn = sn − an . Remark that an satisfies the following
equation

an+1 =
(

1 − 1

n

)
an + q

n
an−1 + 2p + 2pq

n(1 + p)
, n ≥ 3, (4.15)

where q = 1 − p and a2 = 4p/(1 + p) and a3 = 6p/(1 + p). By rearranging the
terms in Eq. (4.11), we find that

nwn+1 = (n − 1)wn + qwn−1 +
(

2q − 2pq

1 + p

)
, n ≥ 3, (4.16)

where w2 = 1 − 4p/(1 + p) and w3 = 1 − 6p/(1 + p). We can apply the same
method as described in Sect. 4.1 to study the sequence wn . In any of the cases listed
for Eq. 4.6 (wn converging to a constant, or wn ∼ n−p when n grows to infinity), we
find that sn ∼ an because an grows to infinity as n grows to infinity. �

Finally we prove Proposition 3.1 about the higher moments of the size of a typical
group. In this paragraph we fix p = 0. Let us denote φn(t) = E[et Sn ] for t ≥ 0 the
moment generating function of Sn . We can check, thanks to the law of total probability,
that

φn+1(t) =
(

1 − 1

n

)
φn(t) + φn−1(t) + 2

n
etn(et − 1) n ≥ 3, t ≥ 0. (4.17)

Now let us denote fn(t) = 2etn(et − 1)/n for t ≥ 0. We can check by using a direct
recursion that for k ≥ 1, we have

f (k)
n (0) = 2(n + 1)k−1

n
+ 2((n + 1)k−1 − nk−1), n ≥ 3. (4.18)

The kth moment of Sn , denoted s(k)
n , equals φ

(k)
n (0). Thus it solves the following

recursive equation

s(k)
n+1 =

(
1 − 1

n

)
s(k)

n + s(k)
n−1

n
+ f (k)

n (0), n ≥ 3, (4.19)

where s(k)
2 = s(k)

3 = 1. Let us denote z(k)
n = s(k)

n+1 − s(k)
n . This quantity satisfies the

following recursion for k ≥ 1

z(k)
n = −1

n
z(k)

n−1 + f (k)
n (0), n ≥ 3, (4.20)

with z2 = 0. We can check, using Newton’s binomial formula, that f (k)
n (0) ∼ 2knk−2

for large n. So we have z(k)
n + 1

n z(k)
n−1 = f (k)

n (0) ∼ 2knk−2 and then z(k)
n ∼ 2knk−2.
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Finally, for k ≥ 1, we obtain

s(k)
n =

n∑
i=2

z(k)
i + s(k)

2 ∼ 2k

k − 1
nk−1, n → ∞. (4.21)

�
The same proof scheme can also be used to prove Theorem 3.4 for the neutral

model.
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