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I JLKNMPO*QSRUTUV
WYXFZ\[

f ∈ S(R) ]_^a`cbBd*eFfc`hgi` W fNj"kle�m [Bnpo9q'XFr bsf XFq b Z gitum XFq bU]v`wbBxyb [{zu| ` Σ }
f −→ Σ −→ g

~ XFri� `um q t�d*e�m�]_^atc� r e [BZvXFq g Z�� tum{` q1[BZ `u]\]v`
}
g′ − ag = f ′ − bf, �P�H�

e � `cf a < 0 ` [ b ∈ R
oY[ `u]�� r ` b 6= a ��� q�Z\| d X b{`�]�e�f XFq g Z\[BZvXFq f = 0 =⇒ g = 0 �

�?�U� q d X bNe q"[ g = w + f
|�XFq1[ m{` n � r `

w′ − aw = (a− b)f, ���p�
�y�U� q gitcg riZ m{`h� r `

w(t) =

∫ t

−∞
(a− b)ea(t−s)f(s)ds

� XFq d XFr mBmNe�f{j'`um{fNj'`um w b XFr b�]�e�� X m | ` w(t) = eatθ(t) ���
� �U� q gitcg riZ m{`h� r ` w `cb [ ]�e�f XFq"�pX ] ri[BZvXFq gi` f d*e�m h

w = h ? f, � � �
e � `cf h riq `�� XFq f [BZvXFq � r ` �pXFr b�git [ `um |�Z\q `um{` n �

� ����e�]vf r ]v` n ]�e [ mNe q bB� X m | tc`hgi`�� XFr m Z `um�gi`�]_^atc� r e [BZvXFq ���p��` [ m{` [ m XFri� ` n e Z\q b Z
]_^atc� r e [BZvXFq � � �l` [ ]v`�m{tcb r ] [ e [ gi`h]�e�� r `cb [BZvXFq dim{tcfctcgi` q"[ `?�

� �U� XFq1[ m{` n � r `
||g||∞ ≤ K||f ||∞

e � `cf K > 0 � r ` �pXFr bsgit [ `um |�Z\q `um{` n �
  ¡�¢DRU£D£�¤s£
WYXFZ\[

f ∈ L
1(R) ∩ L(R)

[ `u]\]v`¥� r `�]v`¦b r did X m [ gi`¦b§e [ mNe q bP� X m | tc`Lgi`6� XFr m Z `um� tum Z�¨ ` W1r did (

f̂
)

⊂ [ξ0 − b, ξ0 + b] e � `cf b > 0 ` [ ξ0 ∈ R �
�?� WYXFZ\[ g(t) = e−iξ0tf(t) �©� XFq1[ m{` n � r ` ĝ(ξ) = f̂(ξ + ξ0)

�



�y�U� q gitcg riZ m{`h� r `

∀h, 0 < h <
π

b
, f(t) = eiξ0t

+∞
∑

k=−∞

e−iξ0khf(kh)
sin

(

π
h(t− kh)

)

π
h (t− kh)

� ��� XFri� ` n��pXFr b�� r b [BZ�¨ `um�]�e
f XFq g Z\[BZvXFq gi` W j*e qiq'XFq h < π/b d XFr m�tcfNj*e q"[BZ ]��
] XFqiq `um f ` q f XFq b Z gitumNe q"[ g Z m{`cf [ ` | ` q"[ f̂ �

� ¡	��QSK{V�
DV J�¤���Q�K{V�Q

�?� WYXFZ\[ f d�tum ZvX g Z � r `�gi`�dStum ZvX gi` a > 0
o�[ `u]\]v`�� r ` ∀t ∈ [0, a[, f(t) = t/a 


f4e�]vf r ]v` n ]�e�b{tum Z `�gi`w� XFr m Z `um�gi` f �
�y� WYXFZ\[ u ` [ v gi` r�� � XFq f [BZvXFq bUgi` L

2
P (a)

[ `u]\]v`cb�� r ` ∀t ∈ R, v(t) = u(t− t0)
o

e � `cf t0 ∈ R ��� � dim Z\| ` n ]v`cbhf X `��
f Z ` q"[ bDgi`�� XFr m Z `um�gi`�]�e�� XFq f [BZvXFq v ` q
� XFq f [BZvXFq gi`hfc` r�� gi` u �

� �U� q gitcg riZ m{`�]�ehbNtum Z `sgi`U� XFr m Z `um�gi`U]�ew� XFq f [BZvXFq g dStum ZvX g Z � r `sgi`sd�tum ZvX gi` a o[ `u]\]v`�� r ` ∀t ∈ [0, a/2[, g(t) = 1/2+t/a ` [ ∀t ∈ [a/2, a[, g(t) = t/a−1/2 �
� � £�
DV©M{V)O'O9V�
DV�� KBO'O9M{V�� ¤w¤�
��$RUM{V��
� XFr bDf XFq b Z gitum XFq b�]_^ e q e�]\xYbN` |�r ] [BZ m{tcb X ] ri[BZvXFq ` q ~ ` q gym{tc` d*e�m�]�e¦� XFq f [BZvXFq |�z m{`
φ ∈ L

2(R)
[ `u]\]v`�� r `

φ̂(ξ) =
1√
2π
χ[−π;π[(ξ)

�?�U� XFq1[ m{` n � r `
+∞
∑

n=−∞

|φ̂(ξ + 2nπ)|2 =
1

2π

�y�U� XFq1[ m{` n � r `
φ(t) =

sin(πt)

πt� ��� d*e�m [BZ m�gi`w]�eDm{`u]�e [BZvXFq�� gi` r�� tcf{j'`u]\]v`cb
φ̂(ξ) = φ̂(ξ/2)ĥ(ξ/2)

X! 
ĥ(ξ)

def
=

1√
2

∑

n∈Z

hne
−inξ `cb [ 2π dStum ZvX g Z � r ` ,

git [ `um |�Z\q ` n ĥ �

�



� �U� XFq1[ m{` n � r `
h−n =

√
2cn(ĥ)

X! 
cn

(

ĥ
) `cb [ ]v` nieme f X `��
f Z ` q"[ gi`w� XFr m Z `um�gi` ĥ �©� q gitcg riZ m{` o � r `

hn =
1√
2

sin
(

nπ
2

)

nπ
2

� ��� j XFZ b Z b{b XFq b ĝ(ξ) = −e−iξĥ(ξ + π) � � XFq1[ m{` n � r ` ĝ `cb [ ]�e � XFq f [BZvXFq 2π
d�tum ZvX g Z � r ` [ `u]\]v`h� r `

ĝ(ξ) =

{

0 b Z ξ ∈ [−π/2;π/2[
−e−iξ b Z ξ ∈ [π/2; 3π/2[

� � WYXFZ\[ f ∈ L
2
P (2π)

oi|�XFq"[ m{` n � r `
cn

(

e−iξf(ξ)
)

= cn+1 (f)

��e � `cf6]_^ e�� r b�gi` q'XF[ e [BZvXFq b riZ\� e q1[ } e−iξf(ξ) gitcb Z ~ q ` Z f Z g'e q b�]�e¥� XFq f��[BZvXFq � riZ � ξ eFb{b X f Z ` e−iξf(ξ) ` [ g XFq f cn (

e−iξf(ξ)
) gitcb Z ~ q `
b XFq nieme

f X `��
f Z ` q1[ gi`h� XFr m Z `um§���
� �U� q m{` | e�m{� r e q"[ � r ` ĥ(ξ + π) = 1 − ĥ(ξ)

|�XFq"[ m{` n � r `
cn(ĝ) =

{

−1 + c0(ĥ) b Z n = −1

cn+1(ĥ) b Z\q'XFq
� �U� q gitcg riZ m{`h� r `

gn =







− 1√
2

b Z n = 1

1√
2

sin((n−1) π

2
)

(n−1) π

2

b Z\q'XFq

�_� q mNe�didS`u]\]v`h� r ` (gn) `cb [ git ¨'qiZ d*e�m ĝ(ξ)def
= 1√

2

∑

n∈Z
gne

−inξ � �
� ���s` [ m XFri� ` n gn = (−1)nh1−n �
�	�y��� d*e�m [BZ m�gi` ψ̂(ξ) = φ̂(ξ/2)ĝ(ξ/2) gitcg riZ m{`�� r `

ψ̂(ξ) = −e
−iξ/2

√
2π

(

χ[−2π;−π[(ξ) + χ[π;2π[(ξ)
)

�?�?�U� q gitcg riZ m{`w]_^ XFq gi`u]v` [B[ ` |�z m{` ψ(t) ����b [ �A`u]\]v`
� Z ` q ] X f4e�] Z bNtc`w` q¦[ ` | d'b t �

�


