Z]}(f—ZﬂW—tl): 1 ” ‘det W‘ Zf(Wk)e—if.Wk
Hz T kOZ."
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DynCT : 3D TOMO-FLUOROSCOPY C&0
Image Guided Intervention Gronenio

ST 20002003 [ | |  Bad resolution

Low contrast and artifacts

region due to organ
movements

Image Guided
Biopsy

MUIS~7A328

g(@s) =

x.0=s




Intra-operative Tomography

Fast reconstruction methods [T. Rodet]
Dynamic tomography [S. Roux]

New 1dentification approaches: local

approaches and model driven acquisition
[M. Fleute, A. Bilgot]

Fast and efficient acquisition systems

>Sampling " 7(s-27771)= L |detW] ) f (Whye™ ™

[0z" kOZ"




RI(0.5)= [/(s6+y)dy
yae"

Tomography

Sampling
Sampling 1n tomography (Shannon approach)

Sampling the Fan Beam X-ray Transform

Efficient sampling 1n parallel helical
tomography
Discussion and perspectives




RF(6.9)= | Df(s6’+y)dy: ii I
* Radon Transtform -

fuc go (Rz) attenuation function ]_d
L
g(@,s) =R (@s) = jf(x)dx

x.0=s

@
Rf(6.5)= | f(sO+y)dy

yog"

7 :{(e,s),ems"‘l,st}

Unitary disk

(Ro.f)s) = (RF )G, 5)




2D Tomography: Radon Transform . @
N <S Y \

— ‘BM

A

" ah&j 3

LR

wvw %\

=[P Rr (B,5) =R,/ (5) = [ £ B+ id
sin(@)

]\19 Sinogram \ "
6=



Rf(8.5)= [ f(sO+y)dy

Projection Slice Theorem

R,/ (0) =271f (06)

Sy

k,

V27tF, f (06) = F,Rf (6,0)




Rf(8,5)= [ f(s6+y)dy

Projection Slice Theorem

Rof (0) =211/ (06)

k,

V27tF, f (06) = F,Rf (6,0)




Rf(8,5)= [ f(s6+y)dy

Projection Slice Theorem

Rof (0) =211/ (06)

V27tF, f (06) = F,Rf (6,0)




Rf(8,5)= [ f(s6+y)dy

Projection Slice Theorem

Rof (0) =211/ (06)

y
/

k,

T
q
\ -

\27F, f(08) = FRf (6.0




Rf(8,5)= [ f(s6+y)dy

Projection Slice Theorem

Rof (0) =211/ (06)

\27F, f(06) = FRf (6.0




Inversion of the

RI(0.5)= [/(s6+y)dy
yae"

Radon Transtorm

 |Inversion formula:

1

f=—RIT'Rf

2
 Filtering:

P 1 S i
I'Rf (8, s) = ! OlFRf (8,0)¢" ds

* Backprojection:

R'g (x)= [g(B,x

ens!

-

‘.

)d6




RI(0.5)= [/(s6+y)dy
8"

Inversion of the
Radon Transtorm
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Tomography

Sampling
Sampling 1n tomography (Shannon approach)

Sampling the Fan Beam X-ray Transform

Efficient sampling 1n parallel helical
tomography

Discussion and perspective




Z/;(E . 277W—,Z) N ﬁ‘det W‘ Z’]‘f‘(Wk)e—if-W/; l||”& )

n

* Definition
n N, f Ll (Rn )9

— Fourier Transform

J}(g) _ (2ﬂ)—n/2 J'f(x)e_ixfdx
— If f1s continue and ]} RLI(RH )9

flx)=@m™? [ f(&)e<de




3 =2 1)= = e 3 roroe

n

e Poisson Formula

Let / be a function to sample,

FOLERHNL (R, A>0

N

> f(f—%”l):ﬁh” > [ (hkye e

I0Z" 2 kOZ."

Let K be a set containing the
support of f(g )

Choose / such that the sets:

K+22Z" 4o not overlapp
%T > / Shannon Condition




n

e Sampling formula

Let f be a function to be sampled

> f(f—%”l):ﬁh” > S (hkye e

I0Z." 2 kOZ."

N

— 1 n —ihé.k
1€)= " E SR My (@

£(x)= > f(hk)sine(Z (x - hi))

kOZ"

Z/;(E— 272W—f1) = ﬁ‘det W‘ Z](f(Wk)e_if.Wk &} L




> Fle-2mv1)=—Ljaetw] Y fomiye
: k0Z"

Sampling schemes

» Equidistant on each variable: standard
schemes

0
0

W =

h[
f(kh,kyhy ), k= (kL k)
AUZIN VA




3 7le=2m7 )= jgerw] X oo g

Sampling lattices wMH |
il

» Equidistant on independent vectors

h
2
h

f(Wk),k




X 76 =2 1)= cldenw] 3 e Y

az”

* Sampling on lattices W= {ww

Let /7 be a non singular matrix

Poisson formula for fand W

Z]}(Cz_zﬂW_tl): \/%T ‘det W‘ Zf(Wk)e—if.Wk

102" . KOz
essential A

K is tm of /; W is chosen such that:
K + 27w ~'7Z" are disjoints sets.
N— _/
—~—
Shannon

Sy f(x) = J%T _Idet W\szZ / (k) X Wk = x)

Isw s -1, s20m™2 | |f@las T

R"\K




Zf'({—znw-fz): ﬁ\det 4 Z fWk)e <" W

7n

Efficient sampling

Among all matrices /¥ satisfying Shannon :
K + 2717 'Z" 2 by 2 disjoint sets

we search for those maximizing the elementary mesh area in the
direct space ‘det W |, i.e. minimizing the number of sampling
points per unit area, or equivalently maximizing ‘det w !

‘det WH‘
det ;| <

3 0]

27, =




> f(f - 277W-r[) = ﬁ\det WS f Ve "
k0z"

RIB.5)= [ f(s6+ y)dy

n

Tomography

Sampling

Sampling 1in tomography (Shannon
approach)

Sampling the Fan Beam X-ray Transform
Efficient sampling 1n parallel helical
tomography

Discussion and perspective




RI(0.5)= | f(s6’+y)dy: ii I
8" @
\

 We want to sample the Radon transform

Lo g(@s)=RF(@s) = [ f(x)dx

x.0=s

o R(O:5)= | f(s6+y)dy

yg"-

Z ={(6’,s),6’DS”_1,SDR}

Unitary disk ' (Rg f )(S) = (Rf )(6’, s)




RI(0.5)= [/(s6+y)dy

Projection Slice Theorem

Rof (0) =211/ (06)




i el = e 3 o M

Rf (6.5)= jf( 6+ y)dy '”

In tomography, we want to sample g(@®©.s)=Rf (@)

27T

§@o)=-L[ e g(@s)ds £(0)=3; [ E(pordy
7 0
If f1s essentially H-band limited, the essential

support of g, (o) 1S

K, 3k 0)0zxRot<bJk{<marls s -1)}
2 j gkw)\das%meo(f,b)+f7<z9,b>ufuﬁ

e <7<

i This term drives the interpolation error

b
‘.|||”HH ||H’||I|.£




S fle-2mw1)= et X 7o I
z" 15
Rf (6.5) = Jf<s0+y>dy { i%
00 - N il '
Let g0OC, ([O,ZIT)X R” 1) be periodic in its first variable il

27T
8(0)=— | |e(@s)e™ " Vdsdgp

0 R"!

2(@.5) = 2(@.5) = = _zoo RJ () ilkp+sea)yg

The lattice Ly = {Wl [ L] Zn} N [O,Z]T)xR”_l

must be a sub-group of [()’ p) 7'[) x R" ! (see Faridani 94

L Faridani and Ritman 00)
If K+ 27 '7" are disjoints sets

Sy e(,s) = r det | Y £ ¥k (@.5) - »)

yUL

Iswe - gl <22m™'2Y  [lg(o)do
ZxR" K




Rattey et Lindgreen 81, Natterer 86 A I "
Rf (6.5)= jf( 6+ y)dy '”
Al '
|I|| ||I|

Assumption: )
&(f.b)= [|/(©dE<e
A\ b

) —
19

AN 4

b/ k
ﬁ A.|||”HH ||”“|l| ?9-




S fle-2mw1)= et X 7o I
oz" "
Rf (6.5) = jf( 6+ y)dy '” |
il '
|I|| ||I|.

» Standard scheme i

S,

* o ¢ o o
| ||||’:"'l|”H

o o4 o o HH""

© o ¢ 0 o | |||ﬁ.9.||||H I,

Standard
o,
(¥ Oj 27TWSt:2£/9 O]
0 b

W, ="
’ b[o 1




78 Cormack => interlaced sampling l;;l I

81 Rattey et Lindgren => interlaced sampling and Shannon — —in
86 Natterer => math. Approach it
90,94,00 Faridani => Union of lattices + local tomography

93 Natterer : fan beam sampling conditions

O
* Interlaced sampling i

;

|

H|||I| >
>

i D '
H“ ||.AZ9




i el = et 3 e A
Rf (6.5) = jf( 6+ y)dy '”

Sketch of the proof |||

21T

g, (0)=5 |e™e(woydyp g(¢,0)= rf(aﬁ)a[
e /b= [|7(@de<e

&

> [|gr(@)do = Ci&(f,b)

‘k‘<b/z9‘0“>b k=
> [|ék(o)do < Creo(f,b) %ﬂm n
k|>b /3 |o|>k //'/ /




> Fle-2m1)=ldetw] 3 fovoe < I
- k0zZ" )

Rf(6,)= [ f(s6+y)dy {
ye"

27T
8.(0) = [ f(00)dg
0

. Bessel function
A — 1 -k —l'kQUJ . d
8.(0)=7=i" [ f(x)e ™ T, (-alx)dx
Q,

Debye formula
Exponentially decreasing for ‘U ‘ < ﬂ‘k‘

[1g(da <=n@. kDI, 0<g<1

a1<5|k

/
Al

0<n(3,b) < C(F)e




> Fle-2mri)=—fae |3 f e
Rf (6.5) = jf( 6+ y)dy '”

(Generalization

* Rotational invariant RT with polynomial
weight

2(.5) = Rf (¢5) = j S (s@+16"yw(s, )dt

* Exponential Radon transform

g(P.s) =T, [(@.5)= | f(s6+16")e ™ dr




(Generalization

» 3D X-ray transform (parallel beam) :

o 63
hﬁ‘ '*‘“‘."v =
0 PIEIRR i a

00
oy P xX) = x+t()dt
X% PESIUEILURRR RN 9

—00

1 [1 1
ook a022000000000 02
3 TSI
T3 TN
IV TSI
T3 NI
B )
Y

S 5

SRR

?KQsz — 708" x 08"
O

S

e

>
e /7

g(@,s,t) = Pf({,sO+te,) = ]:f(sé’+te3 +ud )du




Sampling conditions

Assumption
A

&(/.0)= [|/(©lds<e

>

wrier Transform _—

g(¢,S,f) - OJ?f(SH'l'te?, +uZ)du

— 00

Desbat, 3D95
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Sampling 1n tomography (Shannon

approach)

Sampling the Fan Beam X-ray Transform
Efficient sampling 1n parallel helical
tomography

Discussion and perspective




* 3D Fan Beam X-Ray Transform

All lines L, 5, are
perpendicular to e;

J L B,a,t




Notations
3D Fan Beam X-Ray Transform perpendicular to e; :




8 z[E=pPk+am+1tT

0; 7| xR, & = (k,m,T) € Z x 2Z x R

O G
Lx2ZxR
—1/2 y* y* / (;r k m, z(k ﬂ+ma+7‘f)do_

keZ me27




Let K C Z x 2Z x R, the non-overlapping Shannon condition associated to K for the sampling
lattice Ly = WZ? N ([0; 27[x [0; 7[xR) generated by the non singular 3 x 3 matrix W is that the
sets K+ 2rW ="'l € Z* are disjoint sets in 7 x 27, x R, The Petersen-Middleton theorem [10, 5]
yields the Fourier interpolation formula

(Swg)(z) = 2m) "2 det W| Y g(y)¥k(z —y) (4)

yeLw

with the interpolation error

Shannon : K + 27707 'Z" 2 a 2 disjoints.

Support essentiel de é (f )‘




Main result

Kp |, = {(k,m,7) € Z x 2Z x R; |k — m[* + r27% < r*0?, |k|r < |k — m|p}

é (gz )‘ negligible outside of K D
“3

if /1s essentially » band-limited

Natterer93, in 2D




j.f’(l’)dx p—=

Sketch of the proof = <=
_, l\/)i / ) / ) / h Pf(f+a—n/2,rsina, t)E-:_i(F‘b-""gij’&Jth)d,:"ffd(itdt

/ / BF (8 +a —1/2,rsina, 7)e M) g3,

’T

Pf(B+a—7m/2,0,T7) =V ‘_)’FT!}E((TQ(;B +a—m/2) 4+ Tes)

3+(1—;t/) rsina, T)

/c) o T)e-zfcﬂ* sin ado_

/ F(o8(8 + a — /2) + Teg)e "My

/ }0 (Il T, ’T)/ —21 B(P+a—m/2)+ior -111ad0_d11d12
I Be— Jo?+12 <b







3D // Fan Beam
sampling conditions

Assumption
A

Fourier Transform 3

fo)

3D FB
X-ray

&(/.0)= [|/(©lds<e

>

=%

9(3,0,t) =D, f(B,,1) = /

v L “Jf'_'_-f ya,t
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Standard

‘@

sampling
schemes

b(r
br
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27!

2b
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e Interlaced &

B
sampling
schemes

, I P 0 i
AN A Q;tH —t—p p—r 2r
B 0 0 2
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Hexagon4l”
Interlaced
sampling
schemes




HI schemes &
discussion




‘det WH]‘ > ‘det W]‘ > ‘det WS‘




HI

7
51

89
36
36

272
9
128

293760

102000

101556

274688

Data

2,27

2,92

6,07

1,88

L2 error*100
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Parallel helical tomography

; X-ray source : I

x-ray detector : * A Detector line

] = ]Oe—fﬂ(Z)dz

X1

g2(¢,s,t) =Pf({,s@+te;) = ](:f(sé’+te3 +ud )du




* 3D // X Ray Transform :

My
h}{' '*‘W."v =
0 P ERTSvra

00
35 iR x+td)dt
S SESNEEERRRRRIR LN

—00

¥ [+ 4
B R
=¥ BN
B FEERERRMEERR R
B FEERERRREERR R
E{q SRR
SRR
SRS

?KQsz — 708", x08"
0

S

e

>
e /7

g(@,s,t) = Pf({,sO+te,) = ]Sf(SH‘FZ% +ud )du




e Fourier transform:

2(@,s,t) = Off(s¢9+te3 +ud )du

8(9,0.1) =3 [ g(#.5.0)e”* dsd
RZ

27T
§,(0.1) =% [&(p.0.1)e™dg,k 0L
0




» Essential support of the Fourier transform of
the 3D//XRT:




» Essential support of the Fourier transform of
the 3D//XRT:

K, ={(k.0,7) 1ZxR xR0 <b/k| <max(2 bl )| 7 < (b, 00}

O
b si‘OT <0y, max{,(1-0)b)

c(b,U):{\/ﬁ sigy, <|o<b

> [|gorjdair<Cs.(1/9-1)b)+C(f.b)

k (ko K,




3D // sampling conditions

Assumption Desbat95
A

&(/.0)= [|/(©lds<e

>

wrier Transform _—

g(¢,S,f) - OJ?f(SH'l'te?, +uZ)du

— 00




e Standard Scheme




e Interlaced scheme

27, = b




» Hexagonal Interlaced scheme




Angles 2kg | Angles (2k+1)@
t“ A
‘ t

~N

~

3D orthogonal grid y ) " 3D orthogonal grid

Apply Faridani 94 for new efficient schemes
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Hexagonal Interl

49%15%25—18375 Standard 32x23x23=20102




| I >
21UP 2T ¢
Representation of the lattice in the (@,t) plane.

T
1(¢) =—¢ Helical constraint
21T

Periodicity
g(@ +27,s,0(¢ +2m)) = 2(@,s,4(¢ +211))




¢

g(@+n,=s,0@+1)=g(@,s,((@+T1))

, WP
g(¢,s) =




Representation of the lattice in the (@,t) plane.
P has to be even.

WhelS -




Helical sampling




Efficient helical sampling
Representation of the
lattice in the (@,t) plane.
P/2 has to be odd.

] Lo
0 21VP 41YP 21T (P

— Mmeasured data

Lines of measurements at angle @ 32; fmgle @+t

— data deduced from the * \ 4

symmetry property

the green points and the red
points are interlaced in the
s direction

Quater Detector Offset

La Riviere and Pan, (2




Helical Tomography
Efficient // sampling

P> 2b

29"
h==Z

b

— 2
V3

Sampling matrix and associated conditions




1628 1621 162HI |126S |214HI

25 25 44 20 57 Turns
162 162 81 126 107 Projec.
50 25 25 40 33 Det.cells
202500 |101250 100800 |201267 |Data

2,58 2,93 3,94 243 |L*error*100




Efficiency

=>T

1.73 times smaller

rot

W |W

e nes "2 times less projections/turn

=>»2 times less detector cells

=> dose *1.73/ 2
15% de réduction
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Sampling the Fan Beam X-ray Transform
Efficient sampling 1n parallel helical
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Helical Fan Beam tomography

: A
Time axis
. fottgtRE
line {L $TIRG
o.P,

fan-beam geometry:

3 : source angular position

a : detector angular position

t : coordinate on the helix axis

Helical trajectory

Source




Fan beam helical tomography

21UP
Lattice in the ([3,t) plane.
P has to be even.

t([) = 1 [ Helical constraint

27T
g(b+2ma,u(g+2mn)=g(f,a,1(¢ +2m))




Apparently similar to the // case
except for the symmetry

g(B,a,t) = g(B+7+2a, —a,t) = g ((A(S, a, f)f + (m,0,0) t )

;
LA

7

!
, and a = 0
0

If g is sampled on [ = {Wk + &,k L Z3} , the symmetry yields

L ={AWk+ As+a,k 0Z’|

Unfotunately /. | | L_ . is generally not a lattice Natterer 99

Behmard, Faridani, (02
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